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Abstract 
An analysis of the optical and the dielectric properties of calcium, determined from the literature, 
was performed.  The optical functions of calcium were used for a calculation of the energy loss 
function of calcium.  The energy loss function of calcium was used for a calculation of the 
oscillator strengths of electrons from the shells of calcium atoms and the bands of metallic 
calcium.  The function was also used for a calculation of the mean excitation energies of 
electrons from the shells and the bands of calcium.  The mean excitation energy of electrons 
from the whole atoms of calcium was found equal to 172 eV.  The oscillator strengths and the 
partial mean excitation energies were used for modeling the generalized oscillator strength 
(GOS) function of calcium.  The GOS function of calcium was first constructed with the Dirac’s 
delta functions, and later with Gaussian functions adjusted for small and for large energy losses.  
The GOS function of calcium was used for a calculation of the energy loss and recoil energy 
differential interaction cross sections of charged particles with calcium.  Calculations of the cross 
sections were performed for electrons, protons, and alpha particles.  It was also shown that 
interaction cross sections of charged particles heavier then protons and fully stripped from 
electrons can be calculated from proton interaction cross sections by charge, mass, and speed 
scaling. The energy loss differential interaction cross sections were calculated by integration of 
the double differential interaction cross sections by the recoil energy.  The inverse mean free 
path, the stopping power, and the energy straggling of electrons, protons, and alpha particles in 
calcium were also calculated.  Calculated interaction cross sections can be used in computer 
simulations of a passage of energetic charged particles through media containing calcium.  Such 
computer simulations can help for an assessment of the radiation damage induced by energetic 
charged particles to media in question. 
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Introduction 
The cosmos is not merely an empty space.  The cosmos is filled, at a very low density, with ions 
and electrons, and also with neutrons in the proximity to larger terrestrial objects such as planets 
or moons which lack atmosphere or magnetic field.  Collectively energetic particles in space 
along with X-rays and γ rays are called the space radiation. 
Radiation in space is roughly divided into four categories based on the source.  Low energy 
electrons and protons, trapped within the Earth’s magnetosphere, make the so-called Van Allen 
belts around the Earth.  The continuous flow of charged particles from the Sun is known as the 
solar wind.  Massive ejections of plasma from the Sun into the space during solar flares are 
known as the solar particle events.  The fourth category of radiation in space is the galactic 
cosmic rays.  The galactic cosmic rays are high kinetic energy highly charged particles 
originating outside the solar system. 
The galactic cosmic rays are responsible for the secondary radiation near massive objects in 
space.  Collisions of galactic cosmic ray particles with nuclei of atoms of objects present in space 
may result in nuclear reactions.  The spallation products of nuclear reactions, ejected neutrons, 
and also ejected atomic electrons may contribute to the overall radiation environment near 
massive objects in space.  The objects in space, with which the galactic cosmic rays may collide, 
may be surfaces of planets or moons, atmosphere, structures of man made satellites, structures of 
piloted spacecrafts, or even bodies of the astronauts. 
The trapped radiation and the solar wind are important for low earth orbit space flights because 
these are the most predominant sources of exposure of the astronauts to radiation in space.  Solar 
particle events are important for both low earth orbit and deep space flights.  However, there are 
 
 
measures which can be used for dealing with solar particle events during space flights.  
Spacecrafts can, for example, be equipped with radiation shelters, heavily shielded confinements 
on board of spacecrafts, where the astronauts could stay for the duration of a solar particle event.  
However, there is no effective method for shielding against galactic cosmic ray particles in 
space.  The astronauts will unavoidably be exposed to the galactic cosmic rays in deep space 
flights. 
An exposure of the astronauts to the galactic cosmic rays, as well as to any other ionizing 
radiation or a carcinogenic agent, may lead to a development of neoplastic formations.  
Neoplastic formations may take life threatening forms if the formations are fast developing.  
Leukemia is a fast developing neoplastic formation.  Leukemia is an abnormal proliferation of 
white blood cells.  Because leukemia develops fast, there are concerns that in deep space flights 
affected astronauts may not be able to return to the Earth where they could receive proper 
medical treatment. 
In order to better plan radiation shielding of spacecrafts carrying the astronauts, and also to better 
plan duration of deep space flights knowledge of the risk factors, associated with exposure to 
galactic ray particles, is required.  A significant amount of work was started at different 
laboratories and universities the goal of which was an investigation of the effects of high energy 
highly charged (HZE) particles on biological systems such as cell cultures and small laboratory 
animals, and also to determine the probabilities, or risk factors, for a development of observed 
effects.  High energy highly charged particles are the laboratory equivalent to galactic cosmic ray 
particles. 
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Without any doubt results of experiments with HZE particles will be very valuable for 
understanding the effects of galactic cosmic ray particles on live biological systems.  There are, 
however, concerns that application of findings obtained with cell cultures or small laboratory 
animals to humans may not be as straightforward as it seams because of the drastic differences 
between cell cultures and laboratory animals and humans. 
It was suggested that computer simulations of the passage of galactic cosmic ray particles or high 
energy highly charged particles through biological media could help with understanding of 
biological effects of the particles, and could help with a prediction of the risk factors for a 
development of observed biological effects.  Computer simulations could also be useful for a 
transition of findings obtained with cell cultures and laboratory animals to humans. 
If leukemia is taken as one of the effects that can be caused by the galactic cosmic rays, then it is 
necessary to assess the radiation impact of rays on the blood forming organs, in particular, on the 
red bone marrow located in cavities of trabecular bone.  An assessment of the radiation impact of 
energetic charged particles on bone marrow in situ is a hard task.  It was suggested that computer 
simulations of the passage of energetic charged particles through bone and bone marrow could 
help with understanding of the radiation impact of the particles on bone marrow located in 
cavities of trabecular bone.  Computer simulations could provide information on a distribution of 
doses of radiation in microscopic volumes of bone marrow.  The simulations could yield 
statistics on the physicochemical events which occur around the tracks of individual particles.  
The simulations could help with understand of the effects of bone on the distribution of doses or 
given physicochemical events in adjacent bone marrow.  And finally, the simulations could be 
applied for a determination of the risk factors for a development of leukemia in humans exposed 
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to galactic cosmic ray particles using results of experiments performed with cell cultures or 
laboratory animals. 
Computer programs, used for simulation of the passage of charged particles through matter, use 
cross sections or probabilities for modeling interactions of incident particles with target matter.  
In order to perform computer simulations of the passage of high kinetic energy highly charged 
particles through bone and bone marrow, interaction cross sections of such particles with bone 
and bone marrow had to be derived. 
At the beginning of current work it was decided to consider bone marrow as liquid water, and 
bone as a mixture of constituent atoms.  Such simplification for bone marrow and bone was 
proposed mainly because of the lack of data on the dielectric or the optical properties of bone 
marrow and bone needed for a calculation of interaction cross sections. 
Current work focused on a calculation of interaction cross sections of charged particles with 
calcium, one of the constituents of bone.  Calcium was selected for an investigation because it is 
one of the major components of bone, and because it is the heaviest element found in the bone 
material.  It was interesting to see how calcium alters distribution of doses and distribution of 
other physicochemical events in bone marrow lying adjacent to bone after a passage of a high 
energy highly charged particle through bone and bone marrow. 
The goal of current work was to calculate interaction cross sections of energetic charged particles 
with calcium.  The goal was achieved.  Interaction cross sections of electrons, protons, and alpha 
particles with calcium were successfully calculated.  A hypothesis about scaling of interaction 
cross sections of ions heavier then protons using protons cross sections, was also confirmed by 
direct calculations. 
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A number of important results were determined for calcium before it became possible to 
calculate interaction cross sections of electrons, protons, alpha particles, or ions heavier then 
alpha particles with calcium.  The parameters are the optical and the dielectric properties of 
calcium, the distribution of electrons between electron shells in atoms of calcium and electron 
bands in metallic calcium, the mean energy required for an excitation of electrons from the 
different shells and bands in calcium, the mean energy required for an excitation of electrons in 
the whole atoms of calcium being in the condensed phase, the photoelectric properties of 
calcium, the conductive properties of calcium, etc.  The current manuscript provides a detailed 
description of the analysis performed for calcium, and a description of how interaction cross 
sections of electrons, protons, and alpha particles with calcium were calculated. 
 
 
 
A review of the optical and the dielectric properties of calcium 
It was known that the dielectric or the optical properties of calcium will be needed for a 
calculation of interaction cross sections of charged energetic particles with calcium.  The current 
work started with a survey of the optical and the dielectric functions of calcium reported in the 
literature.  The optical functions are the index of refraction  and the extinction coefficient .  
The dielectric functions are the real  and the imaginary  parts of the complex dielectric 
response function.  The optical and the dielectric functions are related to each other by simple 
relations: 
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It is necessary to point out that some of the found publications reported only the optical 
properties of calcium, while the other reported only the dielectric properties.  When a particular 
publication reported only one set of functions, the other set of functions was also calculated 
using relations (1)-(4). 
The optical functions which were compiled for calcium are shown in figure 1.  Corresponding 
dielectric response functions are shown in figure 2.  Please see the legends to figures 1 and 2 for 
references to the data.  Also please see particular publications if there is a need for knowing 
which set of functions, the optical, the dielectric, or both, were originally reported. 
2 2
1 n kε = −
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The majority of data, shown in figures 1 and 2, were obtained by digitization of graphs shown in 
found articles or publications.  A digitization of the graphs could introduce errors into values of 
the optical or the dielectric constants.  However, it is believed that errors, associated with 
digitization of the graphs, are small because digitization was always performed at a high 
resolution of scanned images.  The differences between the functions, plotted in figures 1 and 2, 
are due to the differences in instruments, experimental methods, preparation of samples, or 
techniques used by the different experimental groups. 
Often publications provided data on the optical and the dielectric properties of calcium measured 
at different conditions.  For example, the thickness of samples could vary from one experiment 
to another, or samples could be annealed in one experiments, but not in the other, etc.  In such 
cases no differentiation between the reported data was made at the time of literature survey 
because the goal of the survey was to compile any data that could provide information on the 
optical or the dielectric properties of calcium.  At the same time every effort was made to check 
the consistency of the data.  For example, if a publication provided results of calculations 
performed using measured data, then similar calculations were performed using data obtained by 
digitization of the graphs shown in the publication, and the results of the calculations were 
checked against the results reported in the original publication. 
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Figure 1.  The index of refraction  and 
the extinction coefficient 
determined from the literature. 
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Figure 2.  The real  and the imaginary 
parts of the dielectric response function of 
calcium determined from the literature. 
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A literature survey resulted in a determination of the optical and the dielectric response functions 
of calcium for energy losses ranging from approximately 0.5 to 40 eV.  For energy losses larger 
then 40 eV the extinction coefficient of calcium was calculated from the photoelectric cross 
sections.  For energy losses smaller then 0.5 eV, the dielectric functions were modeled using the 
Drude theory.  The optical functions were then calculated from the dielectric response functions 
according to equations (1)-(2).  Next two sections of the manuscript provide a detailed 
description of the performed work. 
Modeling of the dielectric properties of calcium for low energy losses  
using the Drude theory 
The dielectric properties of metallic calcium were modeled for energy losses less then 
approximately 0.5 eV using the Drude theory.  The Drude theory considers electrons from the 
conduction band of a metal as a free electron gas, and derives the dielectric properties of such 
gas.  A description of the Drude theory can be found in many texts on optics and electricity.  For 
example, one can check books by Dressel and Grüner (2002) or by Fox (2001) for a description 
of the theory. 
According to the Drude theory the real and the imaginary parts of the dielectric response 
function due to electrons from the conduction band of a metal can be calculated according to the 
following two equations: 
 ( ) 2 21 2 21 1 p
ω τε ω ω τ= − +  (5) 
and 
 ( ) ( )
2
2 2 21
pω τε ω ω ω τ= + , (6) 
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where  and  are two parameters descriptive of the system.  Parameter  is called the 
relaxation tim eter  is called the plasma frequency.  The relaxation time basically 
determines the rate with which a system can absorb and dissipate energy.  The p asma frequency 
basica  determines the reson nt frequency at which the system is most capa e of absorbing 
le , in equations (5) and (6), is the angular frequency of external 
electromagnetic perturbations of the system. 
The plasma frequency is often substituted by another quantity called the plasma energy.  The 
plasma energy E  and the plasma frequency ω  are related to each other by simple relation: 
 , (7) 
where  is the Planck constant over two , the mathematical constant. 
The relaxation time  and the plasma frequency  were determined for calcium using the 
dielectric properties of calcium found in the literature.  A description of the approach, used for a 
determination of the relaxation time and the plasma frequency of calcium, is provided in the next 
section of the manuscript. 
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Determination of the relaxation time and the plasma frequency of electrons 
from the conduction band of calcium 
The real and the imaginary parts of the dielectric response function of a metallic material can be 
calculated for low energy losses using the Drude theory if the relaxation time and the plasma 
frequency of the material are known.  The relaxation time and the plasma frequency of metallic 
calcium were determined using a graphical approach as described by Mendlowitz (1960). 
Equations (5) and (6) for the real  and the imaginary  parts of the dielectric response 
function can be solved for the relaxation time τ  and the plasm  frequency ω : 
 
1ε 2ε
a p
( )
( )12
1 ε ωτ ωε ω
−= , (8) 
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1 2 1
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1 2
1p
ε ω ε ω ε ωω ω ε ω
+ + −= − . (9) 
If the real  and the imaginary  parts of the dielectric response function of a material in 
question are known till sufficiently small energy losses (or angular frequencies ), then the 
relaxation tim  and the plasma frequency  can be determined in a graphical way.  The 
relaxation time and the plasma frequency can be determined by an extrapolation of the plots for 
the time and the frequency to zero energy loss with the same behavior as seen in the plots of the 
relaxation time and the plasma frequency versus the energy loss. 
Figures 3 and 4 show the relaxation time  and the plasma energy  calculated using the real 
ε  and the imaginary ε  parts of the dielectric response f  obtained from the 
literature.  Please remember that the plasma frequency and the plasma energy are related to each 
other by simple relation (7). 
1ε
e
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From figure 3 it is seen that a plot of the relaxation time versus the energy loss takes a linear 
format when the time is plotted on the common logarithm scale and the energy loss is plotted on 
the linear scale.  According to the graphical method, an extrapolation of the plot to zero energy 
loss with the same tendency as seen in the graph should yield the relaxation time.  An 
extrapolation of the plots for the relaxation time of calcium to zero energy loss yielded a value of 
5*10-15 s.  It is necessary to point out that an extrapolation of the plots was performed as the best 
eye-ball estimate, not according to any specific statistical rules.  The found number was taken as 
the relaxation time of electrons from the conduction band of metallic calcium. 
Figure 4 shows plots of the plasma energy of electrons from the conduction band of metallic 
calcium versus the energy loss.  From figure 4 it is seen that a plot of the plasma energy levels at 
a given value for small energy losses.  A linear extrapolation of the plots, shown in figure 4, to 
zero energy loss yielded a value of 6.1 eV for the plasma energy.  The found number was taken 
as the plasma energy of electrons from the conduction band of metallic calcium.  It is necessary 
to point out that an extrapolation of the plots was again performed as the best eye-ball estimate, 
not according to any specific statistical rules. 
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Figure 3.  A graphical determination of the relaxation time of electrons 
from the conduction band of calcium. 
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Figure 4.  A graphical determination of the plasma energy of electrons 
from the conduction band of calcium. 
 
 
The relaxation time and the plasma energy, found for metallic calcium, were used for a 
calculation of the dielectric response functions of calcium at small energy losses.  The relaxation 
time and the plasma energy were taken equal to 5*10-15 s and 6.1 eV respectively in the 
calculations.  Calculated dielectric response functions of calcium were compared to the functions 
found in the literature.  Figure 5 shows the real and the imaginary parts of the dielectric response 
function of calcium calculated using the Drude theory, and the dielectric response functions 
found in the literature.  Figure 5 basically shows how closely calculated dielectric response 
functions of metallic calcium coincide with the experimental data. 
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Figure 5.  A demonstration of how the dielectric response functions of 
calcium calculated using the Drude theory coincide with the functions 
determined from the literature. 
 
Considering figure 5 one may note that the graphs showing calculated dielectric response 
functions of calcium start to deviate from the graphs showing dielectric response functions of 
calcium found in the literature at energy losses equal to approximately 0.7 eV and above.  The 
deviation of the graphs is especially noticeable for the imaginary part  of the dielectric 
response function of calcium.  The deviation of the graphs may be due to the fact that some of 
the assumptions of the Drude theory, used for a calculation of the dielectric properties of 
calcium, may be violated for energy losses equal to approximately 0.7 eV and above.  The Drude 
theory is used for modeling the dielectric properties of a material for small energy losses.  
Energy losses equal to 0.7 eV and above may not be small on a relative scale, and may violate 
some of the assumptions of the Drude theory in the case of calcium. 
Calculation of the extinction coefficient of calcium using the photoelectric 
cross sections 
The literature survey yielded the optical and the dielectric properties of calcium for energy losses 
up to approximately 45 eV.  For energy losses larger then 45 eV, the extinction coefficient of 
calcium was calculated using the photoelectric cross sections of calcium.  The photoelectric cross 
sections were obtained from two databases, the FFAST and the XCOM databases.  Please see the 
FFAST and XCOM abbreviations in the references section of the manuscript for sources of the 
two databases.  Both databases are available in a printed format.  The FFAST database is also 
available on-line at the National Institute of Standards and Technology website.  XCOM is the 
name of the database, and is also the name of the actual program which is used for a calculation 
of cross sections.  The XCOM program can be downloaded also from the National Institute of 
Standards and Technology website.  Current work used the on-line version of the FFAST 
2ε
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database, and used the XCOM program for a calculation of photoelectric cross sections of 
calcium. 
Figure 6 shows the photoelectric cross sections of calcium obtained from the FFAST and the 
XCOM databases.  The cross sections were used for a calculation of the extinction coefficient of 
calcium.  Calculations of the extinction coefficient of calcium were performed according to the 
equation: 
 
2
peck
E
μρ= h , (10) 
where  is the speed of light in vacuum,  is the Planck constant over two c h π , ρ  is the density 
of the m terial, a peμ  are the photoelectric cross sections, and  
extinction coefficient of calcium, calculated using the photoelectric cross sections, are shown in 
figure 7. 
 
E  is the energy of photons.  The
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Figure 6.  The photoelectric cross sections of calcium determined from 
the FFAST and the XCOM databases. 
 
  21
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.  The extinction coefficient of calcium calculated using the 
photoelectric cross sections obtained from the FFAST and the XCOM 
databases. 
 
 
A discussion why the extinction coefficient of calcium was selected for 
further analysis 
It was known that interaction cross sections of energetic charged particles with a material are 
directly determined by the dielectric properties of the material.  The goal of the literature search 
was a recovery of the dielectric or the optical functions of calcium.  The literature search focused 
on a recovery of the dielectric functions (the real and the imaginary parts of the complex 
dielectric response function) and the optical functions (the index of refraction and the extinction 
coefficient) of calcium because the functions are directly related to each other.  Knowing, for 
example, the index of refraction and the extinction coefficient one can recover the real and the 
imaginary parts of the dielectric response function in a very simple way according to equations 
(3) and (4).  Similarly, one can recover the optical functions from the dielectric functions 
according to equations (1) and (2). 
The optical functions (the index of refraction and the extinction coefficient) and also the 
dielectric functions (the real and the imaginary parts of the complex dielectric response function) 
are related to each other through the Kramers-Kronig relations.  If, for example, one of the 
optical functions of a material is known, the other optical function of the material can be 
recovered from the first optical function by Kramers-Kronig calculations.  Similarly, if one of the 
dielectric response functions of a material is known, the other dielectric response function can be 
recovered from the first dielectric response functions by Kramers-Kronig calculations.  The only 
requirement which is imposed on the input function is that the function needs to be known within 
sufficiently broad range of photon energies or photon frequencies.  In theory, the input function 
needs to be known in Kramers-Kronig calculations from zero to infinite photon energies or 
frequencies. 
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The Kramers-Kronig relations for the optical functions are (Dressel and Grüner, 2002;  
Fox, 2001): 
 ( ) ( )2 2
0
21
k
n d
ω ωω ωπ ω ω
∞ ′ ′ ′− = ℘ ′ −∫  (11) 
and 
 ( ) ( )
2
2 2
0
12 nk d
ω ωω ωπω ω ω
∞ ′ ′⎡ ⎤−− ⎣ ⎦ ′= ℘ ′ −∫ , (12) 
where symbol  denotes the principal value of the integral,  is the angular frequency,  is 
the index of refraction, and  is the extinction coefficien
A survey of the literature, modeling of the dielectric and the optical functions for small energy 
losses, and also a calculation of the extinction coefficient using the photoelectric cross sections 
for large energy losses allowed a determination of the extinction coefficient of calcium from a 
fraction of an electron volt to several hundreds kiloelectron volt.  Figure 8 shows the optical 
functions of calcium obtained by literature survey, modeling, and calculations. 
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Figure 8.  The index of refraction and the 
extinction coefficient of calcium 
determined from the literature and modeled 
using the Drude theory, and also the 
extinction coefficient of calcium calculated 
using the photoelectric cross sections. 
 
 
Because the extinction coefficient of calcium was determined within so large range of energies, 
it seemed that the coefficient can be used in Kramers-Kronig calculations for a recovery of the 
index of refraction of calcium.  The Kramers-Kronig relations require, as it was just mentioned, 
knowledge of the input function from zero to infinite energies or frequencies.  That is why the 
extinction coefficient of calcium was selected for further analysis. 
In order to perform Kramers-Kronig calculations, it was necessary to derive a single set of data 
specifying the extinction coefficient of calcium.  The derived extinction coefficient had to satisfy 
a number of requirements.  In particular, the coefficient had to be based on all the data compiled 
for calcium.  The coefficient had to satisfy a specific mathematical relation.  The derived 
extinction coefficient had to be suitable for Kramers-Kronig calculations.  And finally, the index 
of refraction, the dielectric functions, and also the energy loss function, determined following the 
Kramers-Kronig calculations, all had to satisfy corresponding mathematical relations which will 
be shown later in the manuscript.  These four requirements, imposed on the extinction 
coefficient, had to be satisfied simultaneously. 
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Introduction to the energy loss function 
The energy loss function is defined as the imaginary part of minus one over the complex 
dielectric response function.  In literature the energy loss function is often denoted by the 
expression ( )Im 1 ε− .  The energy loss function is expressed in terms of the real  and the 
imaginary  parts of the complex dielectric response function  according to 
equation: 
 
1ε
2ε 1 2iε ε ε= +
2
2 2
1 2
1Im εε ε ε
−⎛ ⎞ =⎜ ⎟ +⎝ ⎠ . (13) 
The energy loss function is expressed in terms of the index of refraction  and the extinction 
coefficient  according to equation: 
 
n
k
( )22 2
1 2Im nk
n kε
−⎛ ⎞ =⎜ ⎟⎝ ⎠ +
. (14) 
The energy loss function is one of the most important functions determined for calcium.  The 
function was used for a calculation of oscillator strengths and mean excitation energies of 
electrons from the different shells of calcium atoms, and the bands of metallic calcium.  The 
oscillator strengths and the mean excitation energies were used for modeling of the generalized 
oscillator strength (GOS) function of calcium.  The GOS function, in its turn, was used for a 
calculation of interaction cross sections of electrons, protons, and alpha particles with calcium. 
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Sum rule relations applicable to the optical, the dielectric, and  
the energy loss functions 
The optical, the dielectric, and the energy loss functions satisfy some mathematical relations, or 
sum rules.  The relations were used for an analysis of the functions derived for calcium, and also 
for a calculation of the oscillator strengths and the mean excitation energies of electrons in 
calcium.  A discussion of the analysis performed for calcium, using the sum rule relations, is 
provided in the following sections of the work. 
The extinction coefficient , the imaginary part of the dielectric response function , and the 
energy loss function 
k 2ε
( )  satisfy the following three very similar relations  et al, 
1980): 
 
Im 1 ε−  (Shiles
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0 4
pk d
πω ω ω ω
∞
=∫ , (15) 
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pd
πωε ω ω ω
∞
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1Im
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d πω ωε ω
∞ ⎛ ⎞− =⎜ ⎟⎜ ⎟⎝ ⎠∫ ω , (17) 
where  is the plasma frequency.  The plasma frequency is determined by the density of 
electrons in a given material according to the relation: 
 
pω
2
2 4 Avog
p
e A
e N Z
m M
π ρω = ⋅ , (18) 
where  is the electron charge,  is the electron mass, e em ρ  is the density of the material, Z  is 
the atomic number of elem  the material ass ming the material is represen y 
s, 
ents comprising u ted b
single type atom AM  is the atom eight of the elemic w ents, and AvogN  is the Avogadro num  ber.
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The index of refraction  also satisfies a mathematical relation: 
 . (19) 
Relations (15)-(17) and (19) were used extensively in the current work.  The relations were used, 
in particular, for an analysis of the derived optical functions of calcium. 
A calculation of the number of electrons per atom participating  
in absorption of external electromagnetic radiation 
Sum rule relations (15)-(17) along with relation (18) for the plasma frequency can be used for a 
calculation of the number of electrons per one atom of a given target material that participate in 
absorption of external electromagnetic radiation.  The number of electrons per atom that 
participate in absorption of electromagnetic radiation is calculated according to the expressions 
(Shiles et al, 1980): 
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Relations (20)-(22) were obtained by a substitution of relation (18) for the plasma frequency into 
sum rule relations (15)-(17), and a rearrangement of the resulting expressions. 
Please note the new notation.  First of all one should not confuse parameters ( )( ) ( )2, ,Im 1keffn ε ε ω−  in 
relations (20)-(22) with the index of refraction  met before.  Parameters ( )n ω ( )( ) ( )2, ,Im 1keffn ε ε ω−  in 
 28
 
relations (20)-(22) indicate the number of electrons per atom.  Second, one should note the 
change in the limits of integrals appearing in relations (20)-(22).  The integrals in relations (20)-
(22) are taken from zero to a given angular frequency of external electromagnetic radiation. 
Parameters ( )( ) ( )2, ,Im 1keffn ε ε ω−
a
frequency of which varies from
 in relations (20)-(22) indicate the number of electrons per one atom 
of a given m terial that participate in absorption of external electromagnetic radiation angular 
 zero to a given value .  If the integrals in relations (20)-(22) 
are calculated from zero to infinity, then the total number of electrons per one atom of a given 
material will be obtained, and the number will be equa
ω
l to Z , the atomic number of elements of 
the material in question. 
Relations (20)-(22) can be written in terms of the energy of photons of external electromagnetic 
radiation instead of the angular frequency .  If done so, the relations will retain their form, only 
the Planck constant  squared will appear in the denominator on the right hand side of relations 
(20)-(22).  In fact, the majority of calculations performed in the current work were performed in 
terms of the energy of photons of electromagnetic radiation, and not the angular frequency of 
photons. 
Relations (20)-(22) along with the sum rule relation (19) were used extensively during the 
analysis of the extinction coefficient of calcium, the recovered index of refraction of calcium, the 
dielectric functions, and the energy loss function of calcium. 
 
ω
h
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An analysis of the extinction coefficient of calcium 
The data compiled for the extinction coefficient of calcium, following the literature survey, using 
the Drude theory, or using the photoelectric cross sections, existed in a discrete format.  In order 
to proceed with the work, it was necessary to derive a single set of data specifying the extinction 
coefficient of calcium.  The initial set of data, specifying the extinction coefficient of calcium, 
was obtained by drawing a single curve using the other curves, specifying the coefficient, as a 
guide.  The drawn curve coincided exactly with the curve for the coefficient obtained using the 
Drude theory.  The drawn curve coincided exactly also with the curve for the coefficient 
calculated using the photoelectric cross sections.  At intermediate energies the drawn curve was 
basically an eyeball estimate of the coefficient based on the data obtained from the literature. 
An analysis, performed with the derived extinction coefficient of calcium, demonstrated that the 
coefficient was significantly underestimated.  In particular, the number of electrons per calcium 
atom, calculated using the derived extinction coefficient, was significantly smaller then the 
expected number, twenty electrons per atom.  Calculations were performed according to  
equation (20). 
In order to fix the problem with the number of electrons per calcium atom, calculated using the 
extinction coefficient of calcium, the coefficient was increased by a given factor for energy 
losses smaller then 25 eV.  The reason for such increase was the following.  The optical and the 
dielectric properties of calcium were often determined by measurements performed with thin 
evaporated calcium films.  If the density of evaporated calcium films were smaller than the 
density of bulk metallic calcium, then determined extinction coefficient of calcium would also be 
smaller.  It was hypothesized that an increase of the extinction coefficient would compensate for 
the smaller density of evaporated films. 
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Figure 9.  An attempt to adjust the 
extinction coefficient of calcium in order to 
satisfy the sum rule relation applicable to 
the coefficient. 
 
The increase of the extinction coefficient of calcium for energy losses smaller then 25 eV did 
help to solve the problem with the number of electrons per calcium atom calculated using the 
coefficient.  However, the attempt failed in other aspects.  The analysis showed that the 
extinction coefficient of calcium had to be increased at least three and a half times for energy 
losses smaller then 25 eV to yield the correct number of electrons per calcium atom calculated 
using the coefficient.  Such large factor, by which the coefficient had to be increased, seemed 
unrealistic.  More importantly, the adjusted extinction coefficient of calcium could not be used in 
Kramers-Kronig calculations for a recovery of the index of refraction of calcium.  The index of 
refraction of calcium, obtained by Kramers-Kronig calculations, turned negative at some energy 
losses, a completely unacceptable result. 
It is worth mentioning here that the extinction coefficient of calcium could not be modified at 
energy losses larger then approximately 25 eV.  The coefficient could not be modified because it 
was calculated specifically at the density of metallic calcium.  The extinction coefficient of 
calcium was calculated using the photoelectric cross sections provided by the FFAST and the 
XCOM databases for energy losses larger then 25 eV.  Both databases specified the exact density 
at which the cross sections were provided.  The density, specified by the FFAST and the XCOM 
databases, was that of metallic calcium. 
The extinction coefficient of calcium was adjusted only after an analysis of the distribution of 
electrons between individual electron shells in calcium atoms and individual electron bands in 
metallic calcium.  The following section provides a detailed description of performed work. 
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An adjustment of the extinction coefficient of calcium to account for  
the M shell electrons 
An analysis of the distribution of electrons between shells in calcium atoms and bands in 
metallic calcium clearly indicated that the extinction coefficient of calcium, prepared by drawing 
a single curve between all the curves representing the extinction coefficient of calcium, omitted 
electrons from the p state of the M shell.  The analysis involved a calculation of the number of 
electrons that occupy individual electron shells in calcium atoms and electron bands in metallic 
calcium. 
In order to account for missing electrons, an additional peak was introduced into the curve for 
the extinction coefficient of calcium.  The peak was centered at 25 eV, the energy given by the 
FFAST database as the binding energy of electrons from the 3p state of calcium atoms.  The 
height and the width of the peak were adjusted to account for the correct number of electrons 
calculated per calcium atom. 
Figure 10 shows the peak which was introduced into the curve for the extinction coefficient of 
calcium.  As it is seen from the figure, the peak is located within the most questionable area for 
the extinction coefficient.  According to the data by Potter and Green (1975) there is no 
indication for a peak at energy losses equal to about 25 eV.  However, the peak merges well with 
the data obtained by Langkowski (1975), and also with the extinction coefficient of calcium 
calculated using the theoretical photoelectric cross sections provided by the FFAST database. 
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Figure 10.  The extinction coefficient of 
calcium determined from the literature, 
calculated using the Drude theory, calculated 
using the photoelectric cross sections, and 
the derived extinction coefficient of calcium. 
 
The extinction coefficient of calcium, which was adjusted in order to satisfy sum rule relation 
(15), is shown by the short dashed black curve in the figure. 
 
 
The number of electrons per calcium atom, calculated using the extinction coefficient of calcium, 
is shown in figure 11.  As it is seen in figure 11, more and more electrons in calcium atoms start 
to participate in absorption of external electromagnetic radiation as the energy of radiation 
increases until all twenty electrons per calcium atom become involved in absorption and 
dissipation of energy. 
The curve for the number of electrons per calcium atom, calculated using the extinction 
coefficient of calcium, will be repeated in other figures shown later in the work.  As it was 
shown before, the number of electrons per atom can be calculated using the extinction 
coefficient, the imaginary part of the dielectric response function, or the energy loss function of a 
given material.  Calculations of the number of electrons per calcium atom were performed using 
all three functions for calcium once they were determined.  Results of the calculations will be 
compared later in the work. 
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Figure 11.  The number of electrons per calcium atom which participate 
in absorption of external electromagnetic radiation calculated using the 
extinction coefficient of calcium. 
 
 
Recovery of the index of refraction of calcium 
The index of refraction of calcium was recovered from the adjusted extinction coefficient of 
calcium by Kramers-Kronig calculations.  Calculations were performed according to  
equation (11).  Obtained index of refraction of calcium, and also the extinction coefficient of 
calcium are shown in figure 12.  Figure 13 shows the recovered index of refraction of calcium, 
the adjusted extinction coefficient of calcium, and the optical functions determined from the 
literature, obtained using the Drude theory, or calculated using the photoelectric cross sections of 
calcium.  A closer look at the index of refraction and the extinction coefficient of calcium is 
provided in figure 14.  Figures 13 and 14 allow one to compare how close the index of refraction 
of calcium, recovered by Kramers-Kronig calculations, coincides with the index of refraction 
determined from the literature, or obtained using the Drude theory.  The index of refraction of 
calcium, recovered by Kramers-Kronig calculations, is shown by a solid black curve  
in figures 12-14.  The adjusted extinction coefficient of calcium is shown by a short dashed black 
curve in the figures. 
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Figure 12.  The extinction coefficient of calcium, adjusted in order to 
satisfy the sum rule relation for the coefficient, and the index of 
refraction of calcium obtained by Kramers-Kronig calculations. 
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Figure 13.  The recovered index of 
refraction and the adjusted extinction 
coefficient of calcium, and the optical 
functions of calcium determined from the 
literature, obtained using the Drude theory, 
or calculated using the photoelectric cross 
sections of calcium. 
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Figure 14.  A closer look at the derived 
optical functions of calcium and the 
functions determined from the literature, 
obtained using the Drude theory, or 
calculated using the photoelectric cross 
sections of calcium. 
 
 
A check of the recovered index of refraction of calcium 
The accuracy of the index of refraction of calcium, recovered from the adjusted extinction 
coefficient of calcium by Kramers-Kronig calculations, was checked by a calculation of the sum 
rule relation applicable to the index.  According to sum rule relation (19) an integral over 
expression  taken from zero to infinite angular frequency should yield zero if the index 
of refraction  is determined accurately. 
A slightly modified version of sum rule relation (19) was used in calculations performed using 
the recovered index of refraction of calcium.  The energy  of external electromagnetic 
radiation was used in place of the angular frequency  the sum rule relation 
applicable to the index of refraction.  The switch from  to the energy 
of external electromagnetic radiation affected only the units in w ich the results of integr
over  were expressed.  Figure 15 tegration over expression 
 calculated from zero to a given energy of external electromagnetic radiation up to 
infinite energy. 
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W
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h
ω
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Figure 15.  Result obtained for the sum rule relation calculated using the 
recovered index of refraction of calcium. 
As it is seen in figure 15, an integral over expression  taken from zero to infinite energy 
of external electromagnetic radiation dropped below expected zero.  The drop of the integral 
below zero indicated that the recovered index of refraction of calcium lacked some accuracy.  In 
order to come up with a more accurate index of refraction of calcium it was necessary to return 
to the extinction coefficient of calcium, adjust the coefficient, check the sum rule relation for the 
coefficient, perform Kramers-Kronig calculations, and finally check the sum rule relation 
applicable to the index of refraction.  Such work seemed not very productive.  In addition there 
( ) 1n W −
 
was no guaranty that the optical functions, derived after all the iterative adjustments, would be 
any closer to the true optical functions of calcium.  The work proceed with the derived optical 
functions of calcium regardless the fact that the sum rule relation, calculated for the index of 
refraction of calcium, yielded a result slightly different from the desired one. 
The optical, the dielectric, and the energy loss functions of calcium 
The real  and the imaginary  parts of the complex dielectric response function of calcium 
and also the energy loss function 
1ε 2ε
( )Im 1 ε−  of calcium were calculated in a trivial way once the 
 and the extinction coefficient  of calcium were determined.  The 
functions were calculated according to equations (3), (4), and (14).  The optical, the dielectric, 
and the energy loss functions of calcium are shown in figure 16.  The functions, shown in  
figure 16, were adopted for calcium.  All further calculations performed for calcium were 
performed using the optical, the dielectric, and the energy loss functions shown in figure 16. 
 
index of refraction n k
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Figure 16.  The optical, the dielectric, and the energy loss functions 
adopted for calcium. 
 
 
Calculation of the number of electrons per calcium atom using ,  
and 
k , 2ε
( )Im 1 ε−  functions 
The extinction coefficient , the imaginary part of the complex dielectric response function
and the energy loss function 
k  2ε , 
( )Im 1 ε−  of calcium were used for a calculation of the num
electrons in calcium atoms that participate in absorption of external electromagnetic radiation.  
Calculations were perform d for the three functions because it was interesting to see if the 
, and 
ber of 
k , e
2ε ( )Im 1 ε−  functions will yield the same distribution of electrons between the K, L  
M shells of calcium atoms, and the bands of metallic calcium.  It was also interesting to see if the 
total number of electrons, calculated per calcium atom, will be the same for all three functions of 
calcium.  Calculations of the number of electrons per atom were performed according to 
equations (20)-(22). 
The extinction coefficient , the imaginary part of the complex dielectric response function
and the energy loss function 
, and
k  2ε , 
( )Im 1 ε−  of calcium are shown in figure 17.  The results of 
calculations of the number of electrons per calcium atom using the , , and k 2ε ( )Im 1 ε−  
functions of calcium are shown in figure 18. 
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Figure 17.  The extinction coefficient, the imaginary part of the complex 
dielectric response function, and the energy loss function of calcium. 
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Figure 18.  The number of electrons per calcium atom participating in 
absorption of external electromagnetic radiation. 
Figure 18 shows three curves each of which represents the number of electrons per calcium atom 
calculated using the extinction coefficient k , the imaginary part ε  of the complex dielectric 
response function, and the energy loss function 
2
( )Im 1 ε−  adopted for calcium
it of
the lim
.  One can see that 
the curves, shown in the figure, separate from each other in the lim  small energy losses, but 
merge together in the limit of large energy losses.  It is possible that the curves for the number of 
electrons calculated per calcium atom separate from each other in it of small energy losses 
because the adopted , and k , 2ε ( )Im 1 ε−  functions of calcium slightly differ from  
 the true , , and  k 2ε ( )Im 1 ε−  functions of calcium.  At the same time, the adopted , and k , 2ε
( )ε
is why the adopted 
Im 1−  functions of calcium are consistent and satisfy corresponding sum rule relations.  That 
, and k , 2ε ( )Im 1 ε−  functions yield exactly twenty electrons per calcium 
atom. 
 of the mean excitation energy of electrons in  
metallic calcium 
The energy  metallic calcium was used for a calculation of the m tion 
energy of electrons in calcium.  In literature another very similar term, the me tion 
t.  The preference is given to the mean excitation energy  in the 
current erence is given to the mean excitation energy term because rk 
does not dif erentia een ionization and excitation events which occur in meta  
following absorption of external electromagnetic radiation. 
As the name suggests, the mean excitation energy has something to do 
required for an excitation of atomic electrons.  Coupled with the density of electrons in a given 
material, the param ter can be used for a calculation of the stopping power of the m terial to 
energetic charged particles.  In reverse, results of stopping power measurem
a determ tation energy (or the mean ionization potential) of electrons in a 
given m
Because the m ergy can be calculated theoretically and also can be determined 
from results of stopping power measurements, the parameter can be considered as a bridge 
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accuracy of theories used for a description of the loss of energy by energetic charged particles 
passing through a given material. 
The mean excitation energy I  of electrons in metallic calcium was calculated according to 
equation (Shiles et al, 1980): 
 ( )
( )
0
0
1ln Im
ln
1Im
d
I
d
ω ω ε
ω ωε
∞
∞
−⎛ ⎞⎜ ⎟⎝ ⎠= −⎛ ⎞⎜ ⎟⎝ ⎠
∫
∫
h ω
, (23) 
where ( )Im 1 ε−  is the energy loss function of the material, and  is the reduced Planck 
constant. 
The mean excitation energy of electrons in calcium was found equal to 172 eV.  The found value 
is somewhat smaller then the suggested value of 191±8 eV (ICRU report 37). 
Calculating the mean excitation energy, the integrals in relation (23) need to be calculated from 
zero to infinite angular frequency or energy.  However, as with the sum rule relations 
encountered before, integrals in relation (23) can be calculated from zero to a given angular 
frequency or energy yielding the mean excitation energy of electrons that participate in 
absorption of external electromagnetic radiation the frequency or the energy of which changes 
from zero up to a given value.  Figure 19 shows the variation of the mean excitation energy of 
electrons in metallic calcium as a function of the energy of external electromagnetic radiation.  In 
the limit of large energy losses, the curve in figure 19 reaches 172 eV, the found mean excitation 
energy of electrons in metallic calcium. 
 
h
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Figure 19.  Variation of the mean excitation energy of electrons in 
metallic calcium as a function of the energy of external electromagnetic 
radiation. 
 
 
Determination of contributions of electron shells and electron bands to the 
energy loss function of calcium 
The energy loss function of metallic calcium was shown in figures 16 and 17.  The function, 
shown in figures 16 and 17, is the total energy loss function arising due to all electrons of 
calcium.  The work, however, required knowledge of the energy loss functions arising due to 
electrons from individual electron shells of atoms of calcium and individual electron bands of 
metallic calcium.  Contributions of electrons from individual shells and individual bands of 
calcium to the energy loss function of calcium were determined in a graphical way.  Please take a 
look at figures 20 and 21.  It is believed that an examination of the figures prior to reading the 
following description will help with understanding of the approach used for a determination of 
contributions of electrons shells of atoms of calcium and electron bands of metallic calcium to 
the energy loss function of calcium. 
Electrons of calcium were formally divided between six groups.  The groups included electrons 
from the K shell of calcium atoms, electrons from the L shell of calcium atoms, electrons from 
the s state of the M shell of calcium atoms, electrons from the p state of the M shell of calcium 
atoms, electrons responsible for the peak in the energy loss function of calcium centered at about 
9 eV, and finally electrons responsible for the peak in the energy loss function of calcium 
centered at about 4 eV. 
The following procedure was performed for a determination of contributions of individual 
electron shells of calcium atoms and electrons bands of metallic calcium to the energy loss 
function of calcium.  Each peak, seen in the graph of the energy loss function of calcium, was 
extrapolated to infinite energy losses.  The slopes, with which the graphs were extrapolated, were 
based on the slopes of the original energy loss function of calcium.  Figure 20 shows how the 
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peaks, seen in the graph of the energy loss function of calcium, were extrapolated.  Contributions 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 20.  An extrapolation of the peaks, seen in the graph of the energy 
loss function of calcium, to infinite energy losses. 
 
of electrons from the individual shells of atoms of calcium and the bands of metallic calcium to 
the energy loss function of calcium were determined by a subsequent subtraction of the 
extrapolated curves.  Determined contributions were taken as the energy loss functions arising 
due to electrons from the given electron shells and the given electron bands of calcium.  Figure 
21 shows the determined energy loss functions. 
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Figure 21.  The energy loss functions arising due to electrons from the 
individual shells and the individual bands of calcium. 
 
 
Calculation of oscillator strengths and mean excitation energies of  
electrons from the individual shells and bands of calcium 
Speaking of the number of electrons in an atomic state, one expects the number to be an integer 
one.  The number of electrons in an atomic state will be integer only in the case of a completely 
isolated atom.  In the case of a condensed matter, i.e. an aggregation of atoms, electrons in atoms 
of the matter distribute in some way between different states, and their number in any particular 
state can be any real number.  A special term is used in the condensed matter physics for a 
specification of the number of electrons in a state.  The term is the oscillator strength. 
The terminology used so far had the goal to provide a simple and clear definition of used 
parameters.  The number of electrons in an atom is probably much more understandable concept 
rather then the oscillator strength of an atom, even though the two terms are equivalent in their 
meaning.  In order to comply with the terminology used in the condensed matter physics and also 
in the atomic collision physics, the new term, the oscillator strength, will be used from this point 
onward for a specification of the number of electrons in an atomic state. 
The energy loss functions, arising due to electrons from the shells and the bands of calcium, were 
used for a calculation of oscillator strengths of electrons from the shells and the bands.  
Calculations of the oscillator strengths were performed according to already familiar  
equation (22). 
In order to examine the variation of the oscillator strengths as a function of the energy loss, the 
upper limit of integral relation (22) was varied from zero to infinity.  The lower limit of the 
relation was always kept equal to zero in calculations.  Figure 22 shows results of calculations of 
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oscillator strengths of electrons from the different shells and bands of calcium.  The figure shows 
results for all six electron groups defined for calcium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 22.  The oscillator strengths of electrons from the shells and the 
bands of calcium calculated using the individual energy loss functions of 
calcium. 
 
 
The energy loss functions, arising due to electrons from the individual electron shells and bands 
of calcium, were also used for a calculation of partial mean excitation energies of electrons from 
the shells and the bands.  Word “partial” is introduced here to differentiate mean excitation 
energy of electrons from a particular shell or band of calcium from the mean excitation energy of 
electrons from the whole atom of calcium.  Calculations of the partial mean excitation energies 
were performed according to equation (23). 
The variation of partial mean excitation energies of electrons in calcium atoms as a function of 
the energy loss was studied by varying the upper limit of integral relation (23) from zero to a 
given value.  The lower limit of integral relation (23) was always kept equal to zero.  The 
variation of the partial mean excitation energies of electrons in calcium atoms as a function of 
the energy loss is shown in figure 23. 
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energy loss functions of calcium. 
 
Calculated oscillator strengths and partial mean excitation energies of electrons from the 
different shells and bands of calcium are summarized in table 1. 
 
 
 
 
 
 
 
Figure 23.  The partial mean excitation energies of electrons from the 
different shells and bands of calcium calculated using the individual 
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Electron group Oscillator strength Partial mean excitation energy, eV 
Peak at 4 eV of ( )Im 1 ε−  0.26 5.92 
Peak at 9 eV of ( )Im 1 ε−  1.20 10.29 
p state of the M shell 7.11 34 
s state of the M shell 2.50 191 
The L shell 7.57 684 
The K shell 1.36 7050 
Table 1.  The oscillator strengths and the partial mean excitation energies 
of electrons from the shells of atoms of calcium and the bands of 
metallic calcium. 
The oscillator strengths and the mean excitation energies of electrons from the shells and the 
bands of calcium were used for modeling the generalized oscillator strength function of calcium.  
A discussion of how the generalized oscillator strength function of calcium was modeled is 
provided in the following several sections of the manuscript. 
 
 
 
An introduction to the generalized oscillator strength function 
The generalized oscillator strength (GOS) function describes the ability of a material to absorb 
and dissipate energy.  The function, however, provides very little or no information at all about 
the processes which occur in the target material following absorption of energy.  Neither the 
function provides any information about the kinetic energy or the angle at which secondary 
electrons are ejected from atoms of a given target material in the case of ionizations.  Despite the 
fact that the generalized oscillator strength function yields very little information about the 
processes which occur in a target material following absorption of energy by the material, the 
function finds many uses.  In particular, the generalized oscillator strength function is used in 
calculations of interaction cross sections of charged particles with electrons of atoms of a given 
target material.  That is why one of the goals of the current work was a derivation of the 
generalized oscillator strength function of calcium.  The function was used for a calculation of 
interaction cross sections of electrons, protons, and alpha particles with calcium. 
The generalized oscillator strength function is dependent on two variables: the energy loss and, 
depending on methodology, the scattering angle, the momentum transfer, or the recoil energy.  
The three variables, the scattering angle, the momentum transfer, and the recoil energy, are 
directly related to each other as it will be shown in the next section of the manuscript.  The 
choice between the three variables is dictated mostly by the adopted methodology.  In current 
work the generalized oscillator strength function is considered as a function of the energy loss 
and the recoil energy. 
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Kinematics of inelastic collisions 
Consider a particle initial momentum and kinetic energy of which are p  and KE .  The rest 
energy of the particle is .  The particle experiences an inelastic collision.  The 
momentum and the kine  the particle after the collision ar
2
0 0E M c=
tic energy of e p′  and KE′ .  The energy 
lost by the particle in the collision is K KW E E′= − .  The particle deviates by ang  from its 
initial direction of motion. 
 
Figure 24.  A schematic representation of an inelastic collision. 
The deviation of the particle from its initial direction of motion can be described by the 
scattering angle , the momentum transfer 
le θ
θ q p p′= − , or the recoil energy  which is defined 
below. 
According to the relativistic mechanics the following relations hold for 
Q
p  and KE , and  
p′  and KE′ : 
 , (24) 
 ) , (25) 
where 
( ) ( )2 02K Kcp E E E= +
( ) (2 02K Kcp E E E′ ′ ′= +
 and p′  and p′p  are the absolute values of vectors p . 
The magnitude of the momentum transfer is found according to equation: 
 , (26) 
where  is the scattering angle. 
( ) ( )2 2 2 2 2 coscq c p p pp θ′ ′= + −
θ
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The recoil energy  is introduced in an analogy to equations (24), (25), and (26): 
 . (27) 
From equations (26) and (27) it should be clear that the scattering angle , the momentum 
transfer , and the recoil energy  are directly related to each other, and basically describe the 
same event in the scattering histo y of an incident particle.  The choice between the three 
parame , or , is made depending on the methodology which is used for a description 
 work uses the recoil energy
of an incid tic rom its initial direction of mo  
Sim eters, used or derived expressed in terms of 
the reco .  For example, the generalized oscillator strength function of calcium was 
 energy loss  and the recoil energy .  Interaction cross sections of 
um we ms of the energy loss 
and the reco
Please note angle  depicted in figure 24.  Angle  is called the recoil angle.  Angle  will be 
met again in calculations of the energy loss and recoil energy differential interaction cross 
sections arising due to the transverse interactions between an incident particle and atomic 
electrons. 
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Modeling of the generalized oscillator strength function of calcium  
using the Dirac’s delta functions 
The initial method, used for modeling the generalized oscillator strength function of calcium, 
relied on the Dirac’s delta functions.  The method was similar to the one described  
by Liljequist (1983). 
The Dirac’s delta function ( )x aδ − , where x  is the variable and  is a constant, is an abstract 
mathem oint , called pole, at which the 
function is infinite.  An integral over the pole of a delta function equals to one: 
 
a
aatical function equal to zero everywhere except p
( ) 1a
a
x a dx
τ
τ
δ
+
−
− =∫ , (28) 
where . 
Modeling of the generalized oscillator strength function of a material using the Dirac’s delta 
functions is based on the following three assumptions. 
a) Collisions of incident particles with atomic electrons are considered as binary encounter 
collisions when energy, lost by incident particles in individual collisions, is larger then the 
mean excitation energy of electrons from a given atomic shell or electron band. 
b) When the energy loss, experienced by an incident particle, equals to the mean excitation 
energy of electrons from a given atomic shell or electron band all electrons from the shell or 
the band participate in absorption of energy.  Collective absorption of energy results in 
stochastic values of the recoil energy.  In such collisions the recoil energy can take any value 
from zero to the maximal energy loss which can be experienced by a given incident particle. 
c) At energy losses less then the mean excitation energy of electrons from a given atomic shell 
or electron band no transfer of energy from an incident particle to atomic electrons occurs. 
0τ >
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Mathematically the generalized oscillator strength function, modeled with the Dirac’s delta 
functions, is written as (Liljequist, 1983, Liljequist, 1985): 
 ( ) ( ), ,ii
i
df Q W dg Q W
f
dW dW
=∑ , (29) 
where 
 
( ) ( )
( )
,
.
i ii
i
W W Q Wdg Q W
W Q Q WdW
δ
δ
⎧ − <⎪= ⎨ − >⎪⎩
. (30) 
Parameters if  and  in equations (29) and (30) are the oscillator strengths and the partial mean 
excitation energies of electrons from atomic shells or electron bands of a given target material. 
Figure 25 shows the generalized oscillator strength function of calcium modeled using the 
Dirac’s delta functions.  The black lines, shown in the figure, represent the Dirac’s delta 
functions.  The green surfaces are projections of the black lines on the energy loss and recoil 
energy plane.  The elevation of the black lines above the energy loss and recoil energy plane 
corresponds to the oscillator strength of electrons from a given atomic shell or electron band of 
calcium. 
 
iW
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Figure 25.  The generalized oscillator strength function of calcium 
modeled with the Dirac’s delta functions. 
A representation of the generalized oscillator strength function by means of the Dirac’s delta 
functions is acceptable only for a description of isolated atoms or simple molecules.  In the case 
of complex molecules or condensed matter the representation becomes less and less accurate.  
The representation fails in description of energy losses less then the mean excitation energy of 
electrons from given atomic shells or electron bands.  The representation also fails in description 
 
of variations in the recoil energy when incident particles experience a given energy loss.  In 
order to create a more realistic model for the generalized oscillator strength function of calcium, 
the Dirac’s delta functions were substituted by Gaussian functions. 
Modeling of the generalized oscillator strength function of calcium  
using Gaussian functions 
The Dirac’s delta functions are suitable for modeling the generalized oscillator strength function 
of isolated atoms or isolated simple molecules.  Isolated atoms and simple molecules often 
exhibit sharp energy absorption or energy emission lines characteristic to the atoms or the 
molecules.  The Dirac’s delta functions turn very suitable for a description of such sharp energy 
absorption or emission lines. 
In the case of complex molecules and especially in the case of condensed matter energy 
absorption and energy emission lines, characteristic of atoms making the molecules or the 
matter, broaden.  Broadening of the lines happens because of a degeneration of electronic states 
of atoms making the molecules or the matter.  The larger broadening of the lines, the less the 
Dirac’s delta functions become suitable for a description of the lines. 
Current work considered metallic calcium.  Metallic calcium is an example of a complex 
condensed phase material.  It was expected that an aggregation of atoms of calcium in the 
metallic phase would alter the states of electrons in atoms of calcium, and would lead to 
broadening of energy absorption or emission lines of calcium.  It seamed that functions other 
then the Dirac’s delta functions had to be used for an accurate description of the energy 
absorption properties of metallic calcium.  Gaussian functions were chosen in place of the 
Dirac’s delta functions for a description of the energy absorption properties of metallic calcium. 
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In order to improve the model for the generalized oscillator strength function of calcium, the 
Dirac’s delta functions, used in the model, were replaced by Gaussian functions.  Gaussian 
functions allowed to “spread” the Dirac’s delta functions over the energy loss and recoil energy 
plane.  The new model for the generalized oscillator strength function of calcium permitted 
description of energy losses less then the mean excitation energy of electrons from given shells 
in calcium atoms and bands in metallic calcium.  The new model also permitted description of 
stochastic variations in the recoil energy when incident particles experience given energy losses. 
Gaussian functions are defined according to equation: 
 ( ) ( )
2
22
x b
cf x ae
−−= , (31) 
where x  is the variable, , , and  are constants, and  is the base of the natural logarithm.  
Constants , , and  have the following meaning.  Constant  determines the magnitude or 
 function.  Constant  determines the position of the function along the 
a b c e
a
the height of a Gaussian
b c a
b
x  axis.  Constant c  determ
 is known as the variance. 
i es the width of the function.  In probability theory and in statistics 
constant 
Current work considered normalized Gaussian functions for which: 
 
n
c
( )2
22 1
x b
cae dx
−+∞ −
−∞
≡∫ . (32) 
Condition (32) is satisfied only when constants  and  are related to each other as: 
 
a c
1
2
a
c π= . (33) 
Gaussian functions were used in place of the Dirac’s delta functions for modeling the generalized 
oscillator strength function of calcium.  Gaussian functions were centered at the same energies as 
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the Dirac’s delta functions.  Gaussian functions were centered at the partial mean excitation 
energy of electrons from a given group when the recoil energy, experienced by an incident 
particle, was less then or equal to the partial mean excitation energy of electrons from the group.  
Gaussian functions were centered at a given energy loss when the recoil energy, experienced by 
an incident particle, was larger then the partial mean excitation energy of electrons from a given 
group. 
Initially it was planned that magnitudes  and variances  of Gaussian functions, used for 
modeling the generalized oscillator strength function of calcium, will be determined empirically.  
The analysis revealed, however, that the parameters of empirically selected Gaussian functions 
more or less satisfy the following mathematical relations: 
  (34) 
and 
 
a c
1a b⋅ =
2
bc π= . (35) 
Relations (34) and (35) were used in all further calculations of the parameters of Gaussian 
functions used for modeling of the generalized oscillator strength function of calcium.   
A detailed description of the analysis, performed with Gaussian functions, and an explanation of 
how relations (34) and (35) were determined will be provided in the next section of the 
manuscript. 
Figure 26 shows the generalized oscillator strength function of calcium modeled using Gaussian 
functions.  The functions were positioned on the energy loss and recoil energy plane according to 
the two rules stated above.  The magnitude and the variance of the functions were calculated 
according to relations (34) and (35) respectively.  The functions, shown  
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in the figure, are scaled by the oscillator strengths of electrons from the different electron bands 
and electron shells of calcium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 26.  The generalized oscillator strength function of 
calcium modeled using Gaussian functions. 
 
 
Considering figure 26 one may note a prominent elevation of the generalized oscillator strength 
function along the line at which the recoil energy is equal to the energy loss.  The elevation is 
called the Bethe ridge.  Initially variances of Gaussian functions centered at the Bethe ridge were 
the same as the variances of Gaussian functions centered at partial mean excitation energies of 
electrons from a given band or shell of calcium.  In a later model of the generalized oscillator 
strength function of calcium variances of Gaussian functions, centered at the Bethe ridge, were 
determined by the actual energy loss at which the functions were centered. 
Determination of variances of Gaussian functions 
The approach, used for an empirical determination of variances of Gaussian functions, was based 
on a comparison of results of calculations of the number of electrons in calcium atoms obtained 
with Gaussian functions and with the energy loss functions determined for calcium.  The 
generalized oscillator strength function ( ),df Q W
dW
 and the energy loss function ( )
1Im
,Q Wε
⎛ ⎞−⎜ ⎟⎜ ⎟⎝ ⎠
 
are related to each other as (Fernández-Varea, 2005): 
 
( )
( )2
2, 1Im
,
eff
p
ndf Q W
W
dW E Q Wπ ε
⎛ ⎞−= ⎜ ⎟⎜ ⎟⎝ ⎠
, (36) 
where  is the oscillator strength or the number of electrons in a particular band or shell, and 
a energy of corresponding electrons. 
Either of the functions (the generalized oscillator strength function or the energy loss function) 
can be used for a calculation of the number of electrons in a particular electron band, atomic 
shell, or whole atoms of a given material.  In fact, examples of calculations of the number of 
electrons using the energy loss functions of calcium have already been shown.  The energy loss 
effn
 is the plasmpE
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function of calcium and the energy loss functions, arising due to electrons from individual bands 
of metallic calcium and shells of atoms of calcium, were used for a calculation of the number of 
electrons in the whole atoms of calcium and in individual bands of metallic calcium and shells of 
atoms of calcium.  Figure 22 showed the effective number of electrons that participate in 
absorption of external electromagnetic radiation as a function of the energy of radiation, while 
Table 1 listed the determined oscillator strengths of electrons in metallic calcium. 
A determination of variances of Gaussian functions, used for modeling the generalized oscillator 
strength function of calcium, was performed the following way.  Several Gaussian functions, 
each having a slightly different variance, were used for a calculation of the number of electrons 
in a particular band of metallic calcium, or in a particular shell in atoms of calcium.  Results of 
the calculations were compared to the result of an equivalent calculation performed using the 
energy loss functions determined for calcium.  Gaussian function, which yielded the closest 
representation of the number of electrons, was selected for modeling of the generalized oscillator 
strength function of calcium. 
Soon after a set of Gaussian functions was empirically selected for modeling of the generalized 
oscillator strength function of calcium it was realized that parameters a  and b  (magnitude and 
position) of selected Gaussian functions approximately satisfied the r tion 1⋅ = .  Relation 
 together with expression (33) yielded the relation 
ela a b
1a b⋅ = 2c b π=  for varian  of Gaussian 
functions. 
Use of relations (34) and (35) seamed very attractive for a calculation of magnitudes and 
variances of Gaussian functions, used for modeling of the generalized oscillator strength function 
of calcium.  First of all, the relations would eliminate the ambiguity about values of variances of 
ce c
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Gaussian functions.  Second, the relations would permit to relate variances of Gaussian 
functions, positioned along the line at which the recoil energy is equal to the energy loss, to the 
actual energy losses at which the functions are positioned.  As a reminder, the elevation of the 
generalized oscillator strength function along the line at which the recoil energy is equal to the 
energy loss is called the Bethe ridge.  Linkage of variances of Gaussian functions, centered at the 
Bethe ridge, to the actual energy losses at which the functions are positioned would permit to 
spread the Bethe ridge even more over the energy loss and recoil energy plane.  It was important 
to spread the Bethe ridge over the energy loss and recoil energy plane for a more realistic 
representation of the generalized oscillator strength function of calcium. 
An additional analysis was performed in order to test the acceptance of relations (34) and (35) 
for a calculation of magnitudes and variances of Gaussian functions used for modeling of the 
generalized oscillator strength function of calcium.  In order to test relations (34) and (35) a set 
of Gaussian functions was created.  One of Gaussian functions from the set had a magnitude and 
a variance calculated according to relations (34) and (35).  The function was considered as the 
reference one.  The other Gaussian functions had variances larger or smaller then the variance of 
the reference function.  All the functions from the set were normalized.  Gaussian functions were 
used for a calculation of the number of electrons in a given band of metallic calcium, or shell of 
atoms of calcium.  Results of the calculations were compared with the result of an equivalent 
calculation performed with a corresponding energy loss function determined for calcium.  The 
calculations were performed for all six electron groups defined for calcium. 
The following figures show Gaussian functions, the optical oscillator strength functions, and 
results of calculations of the number of electrons in given electron groups of calcium.  There are 
six pairs of figures.  Each pair shows results for a particular band or shell of calcium.  The upper 
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figure of each pair shows Gaussian functions which were tested, and the optical oscillator 
strength function determined for electrons from a given electron group of calcium.  The optical 
oscillator strength functions were calculated from the energy loss functions according to equation 
(36).  The lower figure of each pair of figures shows results of calculations of the number of 
electrons in a given band or shell of calcium obtained with Gaussian functions and with the 
energy loss function determined for electrons from the given band or shell of calcium. 
The analysis confirmed that relations (34) and (35) can be used for a calculation of the 
magnitude and the variance of Gaussian functions used for modeling of the generalized oscillator 
strength function of calcium.  The relations removed the ambiguity about values of variances of 
Gaussian functions.  The relations permitted automation of calculations.  And finally, the 
relations permitted to additionally spread the Bethe ridge over the energy loss and recoil energy 
plane. 
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Figure 27.  Gaussian functions which were tested and the optical oscillator 
strength function determined for electrons from a given group of calcium (top), 
and the oscillator strengths obtained (bottom) during an analysis performed for 
electrons responsible for the peak at 4 eV of the energy loss function of calcium. 
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Figure 28.  Gaussian functions which were tested and the optical oscillator 
strength function determined for electrons from a given group of calcium (top), 
and the oscillator strengths obtained (bottom) during an analysis performed for 
electrons responsible for the peak at 9 eV of the energy loss function of calcium. 
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Figure 29.  Gaussian functions which were tested and the optical oscillator 
strength function determined for electrons from a given group of calcium (top), 
and the oscillator strengths obtained (bottom) during an analysis performed for 
electrons from the p state of the M shell of calcium. 
  76
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 30.  Gaussian functions which were tested and the optical oscillator 
strength function determined for electrons from a given group of calcium (top), 
and the oscillator strengths obtained (bottom) during an analysis performed for 
electrons from the s state of the M shell of calcium. 
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Figure 31.  Gaussian functions which were tested and the optical oscillator 
strength function determined for electrons from a given group of calcium (top), 
and the oscillator strengths obtained (bottom) during an analysis performed for 
electrons from the L shell of calcium. 
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Figure 32.  Gaussian functions which were tested and the optical oscillator 
strength function determined for electrons from a given group of calcium (top), 
and the oscillator strengths obtained (bottom) during an analysis performed for 
electrons from the K shell of calcium. 
 
Extrapolation of Gaussian functions at small and at large energy losses  
for an accurate representation of the optical oscillator strength function  
of calcium 
The accuracy with which Gaussian functions approximated the generalized oscillator strength 
function of calcium was assessed for one particular case, at zero recoil energy.  The generalized 
oscillator strength function is a function of two variables, the energy loss and the recoil energy.  
At zero recoil energy the generalized oscillator strength (GOS) function reduces to the optical 
oscillator strength (OOS) function.  An analysis of the optical, the dielectric, and the 
photoelectric properties of calcium permitted to derive the energy loss function of calcium in the 
optical limit, i.e. for cases in which the recoil energy is equal to zero.  The derived energy loss 
function of calcium was shown in figure 16.  The derived energy loss function was used for a 
calculation of the OOS function of calcium. 
The OOS function of calcium, modeled with Gaussian functions, was compared to the OOS 
function calculated using the derived energy loss function of calcium.  A comparison of the 
functions revealed that the OOS function, modeled with Gaussian functions, dropped in its 
magnitude much faster in the limit of large energy losses, and much slower in the limit of small 
energy losses then the OOS function calculated using the derived energy loss function of 
calcium.  In order to figure out the cause for the observed behavior of the modeled OOS function 
of calcium, an analysis was performed using each of the six Gaussian functions used for 
modeling the OOS function of calcium. 
The energy loss function derived for calcium was represented as a sum of six functions.  Each of 
the six functions was due to electrons from one of the bands of metallic calcium, or one of the 
shells of atoms of calcium.  An explanation of how the derived energy loss function of calcium 
 79
 
was split into six functions was provided before in the manuscript.  Figure 21 showed the energy 
loss functions arising due to electrons from the bands and the shells defined for calcium.  The six 
energy loss functions were used for a calculation of the optical oscillator strength functions of 
calcium.  A calculation of the OOS functions was performed according to equation (36).  The 
calculated OOS functions were used in comparisons with Gaussian functions. 
Each of the six Gaussian functions was compared to a corresponding OOS function of calcium 
calculated using one of the derived energy loss functions of calcium.  A comparison of Gaussian 
functions to the OOS functions demonstrated that in all six cases Gaussian functions dropped in 
their magnitude much faster in the limit of large energy losses, and much slower in the limit of 
small energy losses then the calculated OOS functions.  The results of a comparison of the 
modeled to the calculated OOS functions of calcium are shown in figure 33. 
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Figure 33.  The optical oscillator strength 
functions of calcium modeled with 
Gaussian functions, and calculated using 
the energy loss functions of calcium. 
 
 
 
 
 
Considering figure 33 one may note that the OOS functions, calculated using the energy loss 
functions of calcium, decrease at small and at large energy losses practically linearly when the 
OOS functions and the energy losses are plotted on a log-log scale.  In order to create a more 
 
accurate model for the optical oscillator strength function of calcium, Gaussian functions, used 
for modeling the OOS function, were extrapolated at small and at large energy losses with the 
same inclination as the inclination of the calculated OOS functions of calcium. 
Each of the six Gaussian functions was compared to a corresponding optical oscillator strength 
function of calcium calculated using one of the derived energy loss functions of calcium.  Each 
of the six Gaussian functions was extrapolated at small and at large energy losses with the 
inclination of a corresponding OOS function.  Gaussian functions were renormalized following 
extrapolation to ensure proper oscillator strengths of electrons from the different bands and shells 
of calcium. 
Extrapolation of Gaussian functions was performed from the energy loss at which inclination of 
Gaussian functions turned equal to the inclination of corresponding OOS functions of calcium.  
In the limit of small energy losses inclination of Gaussian functions turned equal to the 
inclination of corresponding OOS functions of calcium at two energy losses.  The larger of the 
two energy losses was taken as the energy loss starting from which Gaussian functions were 
extrapolated.  By taking the larger of the two energy losses, one eliminated a creation of a 
shoulder in the graphs of the OOS functions.  In the limit of large energy losses inclination of 
Gaussian functions turned equal to the inclination of corresponding calculated OOS functions of 
calcium only at one energy loss.  The determined energy loss was taken as the energy loss 
starting from which an extrapolation of Gaussian functions was performed. 
The optical oscillator strength functions of calcium, modeled with extrapolated Gaussian 
functions, and also calculated using the derived energy loss functions of calcium are shown in 
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figure 34.  The figure shows the OOS functions arising due to each electron group of calcium.  
The figure also shows the total OOS functions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 34.  The optical oscillator strength 
functions of calcium modeled with 
Gaussian functions extrapolated at small 
and at large energy losses, and the optical 
oscillator strength functions calculated 
using the energy loss functions of calcium. 
 
 
Modeling of the generalized oscillator strength function of calcium using  
Gaussian functions extrapolated at small and at large energy losses 
Once it was observed that Gaussian functions had to be extrapolated at small and at large energy 
losses for an accurate representation of the optical oscillator strength function of calcium, it was 
assumed that the functions had to be extrapolated also during modeling of the generalized 
oscillator strength function of calcium for an accurate representation of the latter function.  The 
approach, used for modeling of the generalized oscillator strength function of calcium, was 
adjusted following the observations. 
The generalized oscillator strength function (GOS) of calcium was represented as a sum of six 
functions.  Each of the six functions arose due to electrons from a particular band of metallic 
calcium or shell of atoms of calcium.  The GOS functions, arising due to electrons from the 
individual bands and shells of calcium, were modeled with Gaussian functions extrapolated at 
small and at large energy losses.  Extrapolation of the functions was performed with the 
inclination of corresponding optical oscillator strength functions of calcium.  Gaussian functions 
were, at the same time, renormalized to ensure proper oscillator strengths of electrons from the 
individual bands and shells of calcium. 
In the latest model of the generalized oscillator strength function of calcium variances of 
Gaussian functions, used for modeling the individual GOS functions, were determined by the 
actual energy loss at which Gaussian functions were centered.  Determination of variances of 
Gaussian functions by the actual energy loss at which the functions were centered permitted to 
broaden Gaussian functions centered at energy losses equal to the recoil energy.  In other words, 
determination of variances of Gaussian functions by the actual energy loss at which the functions 
were centered permitted to broaden Gaussian functions which made the Bethe ridge.  Spreading 
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of the Bethe ridge over the energy loss and recoil energy plane seemed important for a realistic 
representation of the distribution of momentums of electrons in atoms.  Spreading of the Bethe 
ridge seemed important also for an accurate numerical integration over the ridge. 
The generalized oscillator strength function of calcium, modeled with Gaussian functions 
extrapolated at small and at large energy losses, is shown in figure 35.  The figure shows the total 
GOS function of calcium.  The total GOS function was obtained by a summation of the GOS 
functions arising due to electrons from the three electron bands of metallic calcium and the three 
electron shells of atoms of calcium. 
 
 85
  86
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 35.  The generalized oscillator strength function of 
calcium modeled with Gaussian functions extrapolated at 
small and at large energy losses. 
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The total GOS function of calcium, shown in figure 35, is provided for illustration purposes only.  
The total GOS function of calcium was not used directly in any calculations.  The constituent 
GOS functions, arising due to electrons from the three bands and the three shells of calcium, 
were used in calculations of interaction cross sections of electrons, protons, and alpha particles 
with electrons of metallic calcium.  Calculated interaction cross sections and also integrated 
cross sections obtained for electrons, protons, and alpha particles will be presented and discussed 
in the following several sections of the manuscript. 
 
 
 
Calculation of the energy loss and recoil energy differential interaction  
cross sections of energetic charged particles 
The energy loss and recoil energy differential interaction cross sections of electrons, protons, and 
alpha particles with electrons of calcium were calculated following the approach described by 
Segui et al (2002) and Fernández-Varea et al (2005).  The interaction cross sections were 
calculated within a fully relativistic plane wave Born approximation framework.  Current work 
used the equations for the energy loss and recoil energy differential interaction cross sections, 
provided in the two articles, for a calculation of interaction cross sections of electrons, protons, 
and alpha particles with electrons of calcium. 
It was specified in articles by Segui et al (2002) and by Fernández-Varea et al (2005) that the 
equations for the cross sections were derived for spin ½ charged particles.  Electrons and protons 
are spin ½ particles, but alpha particles are not.  Calculations of the cross sections were 
performed for alpha particles too in order to test a hypothesis about scaling of interaction cross 
sections.  A discussion of the hypothesis will be provided later in the manuscript. 
A calculation of the energy loss and the recoil energy differential interaction cross sections was 
performed using equations (Segui et al, 2002; Fernández-Varea et al, 2005): 
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Parameter , seen in equation (38), is the component of cβ υ=r r  perpendicular to qrtβ , the 
momentum ansfer.  Please see figure 24 for the schematics of inelastic collisions.  Param tr eter tβ  
is calculated according to equation (Segui et al, 2002): 
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where  is the kinetic energy of the incident particle, and E M  is the mass of the particle. 
Incident particles experience two types of interactions with target atomic electrons, the 
longitudinal and the transverse interactions.  The longitudinal interactions arise due to the 
instantaneous Coulomb field, while the transverse interactions arise due to an exchange with 
virtual photons between an incident particle and target electrons.  Equation (37) is for a 
calculation of interaction cross sections which arise due to the longitudinal interactions between 
an incident particle and atomic electrons.  Equation (38) is for a calculation of interaction cross 
sections which arise due to the transverse interactions. 
The generalized oscillator strength function of calcium was represented as a sum of six functions 
each of which arose due to electrons from one of the six electron groups of calcium.  
 89
 
Calculations of the energy loss and recoil energy differential interaction cross sections of 
electrons, protons, and alpha particles with electrons of calcium were performed for all six 
electron groups of calcium.  In total twelve sets of interaction cross sections were obtained and 
operated at any particular time.  The six electron groups and the two types of interactions yielded 
twelve sets of interaction cross sections.  The total interaction cross sections could be obtained 
by a simple summation of the cross sections calculated for each electron group of calcium and 
for each type of interactions.  The cross sections, however, were kept separate in most 
calculations performed over the course of the work.  The cross sections were kept separate in 
order to keep as much information about the details of collisions of incident particles with atomic 
electrons as possible.  Only the results for the stopping power and the mean free path were 
summed over the six electron groups of calcium and the two types of interactions. 
Calculation of the energy loss differential interaction cross sections 
Equations (37) and (38) are for a calculation of the energy loss and recoil energy differential 
interaction cross sections.  The energy loss differential interaction cross sections ,L Td dσ  
sections by the recoil 
W
were obtained by an integration of the double differential interaction cross 
energy.  An integration of the cross sections was performed from the minimal  to the maximal 
 recoil energy permitted by the collision kinematics. 
 
Q−
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2
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Q
L T L T
Q
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dQ
dW dWdQ
σ σ+
−
= ∫ . (40) 
The minimal  and the maximal  recoil energies, which an incident particle can experience 
in a collisio ith an electron, are d ined using the initial 
 Q−
n w
Q+
eterm p  and the final p′  momentums of 
the particle according to equation (Fernández-Varea et al, 2005): 
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where  is the electron rest energy. 
If the initial and the final momentums of an incident particle are expressed in terms of the kinetic 
energy 
2
em c
 of the particle before an inelastic collision, the rest energy 2McE  of the particle, and the 
energy loss W , then equation (41) converts to (Segui et al, 2002; Fernández-Varea et al, 2005): 
 ( ) ( )( )( )22 22 2 e eQ E E Mc E W E W Mc m c m± = + ± − − + + −2 4 2c . (42) 
A calculation of the minimal recoil energy involved a subtraction of two very close values in the 
limit of small energy losses.  Often calculated minimal recoil energy turned equal to zero 
because of numerical errors.  A more accurate relation was used for a calculation of the minimal 
recoil energy that electrons can experience in collisions with other electrons (Fernández-Varea et 
al, 2005): 
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γ β= − . 
Relation (43) was obtained from relation (41) in two steps.  First, an approximation 
2 32 1 1 2 2x x x x+ − ≈ − +  was used.  Then, the change in the momentum p p′−  was 
expanded into Taylor series, and the series were limited to the first three terms.  Please see 
Appendix A of Fernández-Varea et al (2005) article for details on derivation of relation (43). 
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Calculation of the integrated cross sections 
The energy loss differential interaction cross sections d dWσ  were used for a calculation of the 
integrated cross sections: 
 
max
( )
0
W
n n dW d
dW
σσ = ∫ W , (44) 
where  can be zero or an integer number, and  is the maximal energy loss that incident 
particles can experience in inelastic collisions with atomic electrons. 
The maximal energy loss that incident particles could experience in collisions with target 
electrons was calculated according to equation (Podgoršak, 2006): 
 
n maxW
( )
max 2 2
2 1
2
p e
p e p e
m m
W E
m m m m
γ
γ
+= + + , (45) 
where  is the rest mass of the projectile particle,  is the rest mass of an electron, pm em
( ) 1/22 21 cγ υ −= − , and  is the kinetic energy of the incident particle before an inelastic 
collision. 
Please note that equation (45) does not take into account the indistinguishability principle for 
incident and target electrons, or the binding energy of target electrons.  Nevertheless equation 
(45) was used for a calculation of the maximal energy loss that electrons, protons, and alpha 
particles could experience in collisions with electrons of calcium. 
The integrated cross sections , , and  are known as the total inelastic cross section, 
the stopping cross section, and th respectively.  The mean free 
path 
E
(0)σ (1)σ (2)σ
e energy straggling cross section, 
λ  of incident particles in a given target m terial, the stopping power S  of the material to a
 92
 the particles, and the energy straggling 2  of the particles are calculated using the integrated 
cross sections according to equations: 
 0)
Ω
1 (Nλ σ=−
Ω =
it volum
tron groups of calcium
n cross sect
a
trons,
, (46) 
 , (47) 
and 
 2) , (48) 
where  is the number of atoms per un e of the target material. 
Interaction cross sections of electrons, protons, and alpha particles with electrons of calcium 
were calculated for the six elec , and for the longitudinal and the transverse 
interactions.  Calculated interactio ions were always kept separate.  By keeping 
calculated interaction cross sections separ te, it was possible to determine contributions of the 
individual electron groups of calcium and the two types of interactions to the integrated cross 
sections.  Contributions of the individual electron groups and the two types of interactions were 
determined by using corresponding energy loss differential interaction cross sections in equation 
(44).  For example, if there was a need for knowing how much electrons from the L shell of 
calcium atoms contributed to stopping of protons in calcium due to the longitudinal interactions 
between incident protons and target elec  then the energy loss differential interaction cross 
sections 
(1)S Nσ=
2 (Nσ
N
p, L shell, longitudinal
arising due to the longitu
lation of the integrated cross s
d dWσ  of protons with electrons from the L shell of calcium atoms 
dinal interactions between protons and atomic electrons were used for a 
calcu ection (1)pσ , L shell, longitudinal .  Calculations were performed using 
equation (44).  The calculated integrated cross section was used for a calculation of the stopping 
power p, L shell, longitudinalS ed using simple relation (47).  The .  The latter calculation was perform
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subscript p, L shell, longitudinal, which just appeared, simply indicates that protons experience a 
collision with electrons from the L shell, and only longitudinal interactions between protons and 
atomic electrons are considered. 
Interaction cross sections of 100 keV electrons with electrons of calcium 
Calculations of interaction cross sections and also of the mean free path and the stopping power 
were performed for 100 keV electrons passing through calcium.  The energy loss and recoil 
energy differential interaction cross sections of electrons with electrons of calcium were 
calculated according to equations (37) and (38).  The exchange effect between incident and 
target electrons was not considered during calculations of interaction cross sections.  Equations 
(37) and (38) were used alone for a calculation of interaction cross sections of incident electrons 
with electrons of calcium. 
The cross sections which arose due to the longitudinal interactions between incident 100 keV 
electrons and electrons of calcium are shown in figure 36.  The cross sections which arose due to 
the transverse interactions between incident and target electrons are shown in figure 37.  Please 
note that both figures show the total longitudinal and the total transverse interaction cross 
sections obtained by a summation of the cross sections calculated for each electron group of 
calcium.  Also please note that the figures show the most prominent features of the double 
differential interaction cross sections.  The cross sections were calculated over much larger area 
of the energy loss and the recoil energy plane than it is shown in figures 36 and 37. 
Figure 38 shows the energy loss and recoil energy differential interaction cross sections of  
100 keV electrons colliding with electrons from group three of calcium, and experiencing 20 eV 
energy loss.  The figure is presented here for a demonstration purpose only.  One may get a 
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better understanding of the graphs for the energy loss and recoil energy differential interaction 
cross sections by considering the figure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 36.  The energy loss and recoil energy differential interaction 
cross sections of 100 keV electrons with electrons of calcium arising due 
to the longitudinal interactions between incident and target electrons. 
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Figure 37.  The energy loss and recoil energy differential interaction 
cross sections of 100 keV electrons with electrons of calcium arising due 
to the transverse interactions between incident and target electrons. 
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Figure 38.  The energy loss and recoil energy differential interaction 
cross sections of 100 keV electrons with electrons from group three of 
calcium when the incident electrons experience 20 eV energy loss. 
 
 
The energy loss and recoil energy differential interaction cross sections were calculated from the 
maximal energy loss that incident particles could experience in collisions with atomic electrons 
to zero energy loss, and from the minimal to the maximal recoil energy that incident particles 
could have at a given energy loss.  The density with which the cross sections were calculated 
over the energy loss and recoil energy plane varied to ensure accurate integration of the cross 
sections by the recoil energy and by the energy loss. 
The maximal energy loss, which incident electrons could experience in collisions with electrons 
of calcium, was calculated according to equation (45).  Even though equation (45) does not 
account for the indistinguishability of incident and target electrons, and also for the binding of 
target electrons, the equation was still used for a calculation of the maximal energy loss.  It was 
hypothesized during the course of calculations that the generalized oscillator strength function of 
calcium would account for binding and also for the orbital motion of target electrons, and 
collisions of incident particles with electrons of calcium could be considered as collisions with 
free electrons having zero initial linear momentums. 
The maximal recoil energy, which incident electrons could have at different energy losses in 
collisions with electrons of calcium, was calculated according to equation (42).  (The plus sign 
was applied in equation (42) during a calculation of the maximal recoil energy.)  The minimal 
recoil energy, which incident electrons could have at different energy losses in collisions with 
electrons of calcium, was calculated according to equation (42) or equation (43).  (If equation 
(42) was used for a calculation of the minimal recoil energy, then the minus sign was applied in 
the equation.)  The choice between equations (42) and (43) was made according to a simple 
scheme.  Initially, at large energy losses, equation (42) was used for a calculation of the minimal 
recoil energy.  As soon as the minimal recoil energy, calculated according to equation (42), 
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turned equal to zero, equation (43) was engaged for a calculation of the minimal recoil energy.  
Once engaged, equation (43) was used for a calculation of the minimal recoil energy until the 
end of calculations performed for a given electron group of calcium. 
Figure 39 shows the minimal and the maximal recoil energies that 100 keV electrons can have at 
different energy losses in collisions with electrons of calcium up to the energy loss equal to the 
kinetic energy of incident electrons.  The stare-like shape of the graph for the minimal recoil 
energy, seen at small energy losses, as due to numerical errors in calculations performed 
according to equation (42). 
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Figure 39.  The minimal and the maximal recoil energies which 100 keV 
electrons can have at different energy losses in collisions with free 
electrons. 
 
 
The energy loss differential interaction cross sections of 100 keV electrons with electrons of 
calcium were determined by an integration of the double differential interaction cross sections by 
the recoil energy.  Calculations of the energy loss differential interaction cross sections were 
performed according to equation (40).  Figure 40 shows the energy loss differential interaction 
cross sections of 100 keV electrons calculated for each electron group of calcium.  The figure 
shows the cross sections which arise due to the longitudinal and the transverse interactions 
between incident electrons and electrons from the individual electron bands of metallic calcium, 
and the shells of atoms of calcium.  The figure also shows the total longitudinal and the total 
transverse interaction cross sections obtained by a summation of the longitudinal and the 
transverse cross sections calculated for each electron group of calcium. 
The energy loss differential interaction cross sections of 100 keV electrons with electrons of 
calcium were used for a calculation of the mean free path of and the stopping power to 100 keV 
electrons in calcium.  The obtained values for the mean free path and the stopping power will be 
specified in the next section of the manuscript. 
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Figure 40.  The energy loss differential interaction cross sections of  
100 keV electrons with electrons of calcium. 
 
The mean free path and the stopping power of electrons in calcium 
The mean free path and the stopping power, calculated or measured for particles of a given 
kinetic energy, are just two scalar numbers.  It is much more illustrative if one considers mean 
free paths and stopping powers of particles having different kinetic energy.  Then one can plot 
the mean free paths and the stopping powers as a function of the kinetic energy of the particles. 
The mean free paths and the stopping powers were calculated for electrons in calcium.  
Calculations were performed for electrons kinetic energy of which varied from 20 eV to 1 MeV.  
Calculations of the mean free path and of the stopping power were performed according to 
equations (46) and (47).  The obtained mean free paths of electrons in calcium are plotted in 
figure 41.  The stopping powers to electrons in calcium are plotted in figure 42. 
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Figure 41.  The mean free path of electrons having a given kinetic  
energy in calcium. 
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Figure 42.  The stopping power to electrons having a given kinetic 
energy in calcium. 
 
 
Unfortunately no data on interaction cross sections, the mean free path, or the stopping power of 
electrons in calcium were found in the literature.  At this moment the cross sections, the mean 
free paths, and the stopping powers of electrons in calcium have to be taken as granted.  There is, 
however, one reason to think that the cross sections, the mean free paths, and the stopping 
powers of electrons in calcium, calculated using the presented approach and the presented 
generalized oscillator strength function of calcium, are accurate.  Similar calculations performed 
for protons in calcium yielded results which were in a reasonable agreement with the published 
material. 
Interaction cross sections of 300 keV protons with electrons of calcium 
Results of calculations of interaction cross sections of 300 keV protons with electrons of calcium 
are presented in the current section of the manuscript.  One may argue that 300 keV protons have 
too small kinetic energy, and some of the conditions, at which the equations for interaction cross 
sections were derived, are not satisfied.  At this moment the argument remains unanswered.  In 
any case the goal of calculations, which happened to be performed for 300 keV protons, was to 
test the program which was written for a calculation of interaction cross sections, mean free 
paths, and stopping powers.  Later calculations of interaction cross sections, mean free paths, and 
stopping powers included protons of much larger kinetic energy.  The mean free paths and the 
stopping powers of different kinetic energy protons, including 300 keV protons, will be shown in 
the next section of the manuscript. 
The energy loss and recoil energy differential interaction cross sections of protons with electrons 
of calcium were calculated according to equations (37) and (38).  Equation (37) was used for a 
calculation of interaction cross sections which arise due to the longitudinal interactions between 
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incident charged particles and atomic electrons, while equation (38) was used for a calculation of 
interaction cross sections which arise due to the transverse interactions. 
The total longitudinal energy loss and recoil energy differential interaction cross sections of 300 
keV protons with electrons of calcium are shown in figure 43.  The total longitudinal interaction 
cross sections were obtained by a summation of the longitudinal energy loss and recoil energy 
differential interactions cross sections calculated for each of the six electron groups of calcium.  
The total transverse energy loss and recoil energy differential interaction cross sections of 300 
keV protons with electrons of calcium are shown in figure 44.  The total transverse interaction 
cross sections were obtained by a summation of the transverse energy loss and recoil energy 
differential interactions cross sections calculated for the six electron groups of calcium. 
Figure 45 shows the energy loss and recoil energy differential interaction cross sections of 300 
keV protons with electrons of calcium calculated at 1 eV energy loss.  The curves shown in the 
figure represent a cut through the surfaces shown in figures 43 and 44.  Figure 45 shows the 
cross sections which arose due to the longitudinal and the transverse interactions between 
incident protons and calcium electrons.  The figure shows the total longitudinal and the total 
transverse differential interaction cross sections obtained by a summation of the corresponding 
cross sections calculated for each of the six electron groups of calcium. 
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Figure 43.  The energy loss and recoil energy differential interaction 
cross sections of 300 keV protons with electrons of calcium arising due 
to the longitudinal interactions between incident protons and target 
electrons. 
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Figure 44.  The energy loss and recoil energy differential interaction 
cross sections of 300 keV protons with electrons of calcium arising due 
to the transverse interactions between incident protons and target 
electrons. 
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Figure 45.  The energy loss and recoil energy differential interaction 
cross sections of 300 keV protons with electrons of calcium calculated at 
1 eV energy loss. 
 
 
The energy loss and recoil energy differential interaction cross sections of protons with electrons 
of calcium were calculated from the maximal energy loss that protons of a given kinetic energy 
could experience in collisions with electrons at rest to zero energy loss.  The binding energies of 
electrons in bands of metallic calcium and in shells of calcium atoms were not considered during 
calculations of the maximal energy loss that protons could experience in collisions with electrons 
of calcium.  In calculations of interaction cross sections it was assumed that the generalized 
oscillator strength function of the target material, calcium in the current case, accounts for the 
orbital motion and binding of target electrons.  The maximal energy loss that protons of a given 
kinetic energy could experience in collisions with electrons of calcium was calculated according 
to equation (45). 
The energy loss and recoil energy differential interaction cross sections of protons with electrons 
of calcium were calculated from the maximal to the minimal recoil energy that protons could 
have at a given energy loss.  The minimal and the maximal recoil energies were calculated 
according to equation (42).  The plus sign was used in equation (42) during a calculation of the 
maximal recoil energy.  The minus sign was used in the equation during a calculation of the 
minimal recoil energy.  If the minimal recoil energy turned equal to zero, then the energy loss 
and recoil energy differential interaction cross sections of protons with electrons from a given 
electron group of calcium were assumed equal to zero at the given energy loss and at any smaller 
energy losses.  Figure 46 shows the minimal and the maximal recoil energies which 300 keV 
protons could have at different energy losses in collisions with calcium electrons which were 
basically assumed free and at rest. 
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Figure 46.  The minimal and the maximal recoil energies that 300 keV 
protons can have at different energy losses in collisions with electrons  
of calcium. 
 
 
The energy loss differential interaction cross sections of protons with electrons of calcium were 
obtained by an integration of the double differential interaction cross sections by the recoil 
energy at each energy loss that protons could have in collisions with atomic electrons.  
Calculations of the energy loss differential interactions cross sections were performed according 
to equation (40). 
The energy loss differential interaction cross sections of 300 keV protons with electrons of 
calcium are shown in figure 47.  The figure shows the cross sections calculated for each electron 
group of calcium, and for the longitudinal and the transverse interactions between incident 
protons and calcium electrons.  The total longitudinal and the total transverse energy loss 
differential interaction cross sections of protons with calcium electrons are also shown in the 
figure.  The total longitudinal and the total transverse energy loss differential interaction cross 
sections were obtained by a summation of corresponding cross sections calculated for electrons 
from each of the six electron groups of calcium. 
 
 113
  114
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 47.  The energy loss differential interaction cross sections of 300 
keV protons with electrons from the different electron groups of calcium. 
 
The energy loss differential interaction cross sections of 300 keV protons with electrons of 
calcium were used for a calculation of the mean free path of and the stopping power to the 
protons in calcium.  Calculations of the mean free path and the stopping power were performed 
according to equations (44), (46), and (47).  Mean free paths and stopping powers of protons of 
different kinetic energy, including 300 keV protons, in calcium will be shown in the next section 
of the manuscript. 
The mean free path and the stopping power of 1 keV to 10 GeV protons  
in calcium 
The mean free paths of and the stopping powers to protons in calcium were calculated using the 
program developed over the course of the work.  The mean free paths and the stopping powers 
were calculated for protons the kinetic energy of which varied from 1 keV to 10 GeV.  
Calculations of the mean free path and the stopping power of protons of any kinetic energy from 
the range were performed in a way completely similar to the one used for a calculation of 
interaction cross sections, the mean free path, and the stopping power of 300 keV protons in 
calcium.  First the energy loss and recoil energy differential interaction cross sections of protons 
of a given kinetic energy with electrons of calcium were calculated.  Then the cross sections 
were integrated by the recoil energy.  The resulting energy loss differential interaction cross 
sections were used for a calculation of the mean free path and the stopping power of protons of 
the given kinetic energy in calcium. 
Figure 48 shows the mean free paths of 1 keV to 10 GeV protons in calcium.  Figure 49 shows 
the stopping powers to protons of the specified kinetic energy in calcium.  Figure 49 also shows 
the data on the stopping power to protons in calcium found in the literature.  Please see  
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the References section of the manuscript for the sources of the data on the stopping power of 
protons in calcium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 48.  The mean free paths of protons of different kinetic energy  
in calcium. 
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Figure 49.  The stopping powers to protons of different kinetic energy  
in calcium. 
 
 
Interaction cross sections of 2 MeV alpha particles with electrons of calcium 
Calculations of interaction cross sections of alpha particles with electrons of calcium were 
performed in a way completely similar to the one used for a calculation of interaction cross 
sections of protons with electrons of calcium.  Equations (37) and (38) were used for a 
calculation of the energy loss and recoil energy differential interaction cross sections of alpha 
particles of a given kinetic energy with electrons of calcium.  The cross sections were calculated 
from zero to the maximal energy loss that alpha particles could experience in collisions with 
calcium electrons.  Electrons of calcium were again assumed free and at rest.  It was 
hypothesized in the course of calculations that the generalized oscillator strength function of 
calcium would account for binding and also for the orbital motion of target calcium electrons 
during calculations of interaction cross sections.  The maximal energy loss, which alpha particles 
could experience in collisions with calcium electrons, was calculated according to equation (45).  
The maximal and the minimal recoil energies, which alpha particles could have at any given 
energy loss, were calculated according to equation (42).  If the minimal recoil energy, calculated 
according to equation (42), turned equal to zero, then the double differential interaction cross 
sections, calculated for a particular electron group of calcium, were assumed equal to zero at the 
given and at any smaller energy losses.  The energy loss differential interaction cross sections of 
alpha particles with electrons of calcium were obtained by an integration of the double 
differential interaction cross sections by the recoil energy.  The energy loss differential 
interaction cross sections were used for a calculation of the mean free path and the stopping 
power of alpha particles of a given kinetic energy in calcium. 
The energy loss and recoil energy differential interaction cross sections of 2 MeV alpha particles 
with electrons of calcium are shown in figures 50 and 51.  Figure 50 shows the cross sections 
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which arise due to the longitudinal interactions between incident particles and target electrons, 
while figure 51 shows the cross sections which arise due to the transverse interactions.  Please 
note that both figures show the total cross sections obtained by a summation of the cross 
sections, longitudinal or transverse, calculated for each electron group of calcium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 50.  The energy loss and recoil energy differential interaction cross 
sections of 2 MeV alpha particles with electrons of calcium arising due to the 
longitudinal interactions between incident particles and target electrons. 
 119
  120
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 51.  The energy loss and recoil energy differential interaction cross 
sections of 2 MeV alpha particles with electrons of calcium arising due to the 
transverse interactions between incident particles and target electrons. 
 
 
The minimal and the maximal recoil energies, which 2 MeV alpha particles could have at 
different energy losses, are shown in figure 52.  The figure shows the minimal and the maximal 
recoil energies for energy losses ranging from practically zero to the maximal energy loss which 
2 MeV alpha particles could experience in collisions with calcium electrons.  The curves for the 
minimal and the maximal recoil energy terminate in the limit of large energy losses at the 
maximal energy loss that 2 MeV alpha particles could experience in collisions with calcium 
electrons. 
The energy loss differential interaction cross sections of 2 MeV alpha particles with electrons of 
calcium are shown in figure 53.  The cross sections were obtained by an integration of the double 
differential interaction cross sections by the recoil energy.  Figure 53 shows the cross sections for 
each electron group of calcium, and for the longitudinal and the transverse interactions between 
incident alpha particles and calcium electrons.  The figure also shows the total longitudinal and 
the total transverse energy loss differential interaction cross sections obtained by a summation of 
corresponding energy loss differential interaction cross sections calculated for each electron 
group of calcium. 
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Figure 52.  The minimal and the maximal recoil energies which 2 MeV 
alpha particles could have at different energy losses in collisions with 
calcium electrons. 
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Figure 53.  The energy loss differential interaction cross sections of  
2 MeV alpha particles with electrons of calcium. 
 
The energy loss differential interaction cross sections of 2 MeV alpha particles with calcium 
electrons were used for a calculation of the mean free path and the stopping power of the 
particles in calcium.  The mean free paths of and the stopping powers to alpha particles of 
different kinetic energy in calcium are shown in the next section of the manuscript.  The results, 
presented in the next section, include the mean free path and the stopping power calculated for  
2 MeV alpha particles in calcium. 
The mean free path and the stopping power of alpha particles in calcium 
The mean free paths and the stopping powers were calculated for 6 keV to 60 MeV alpha 
particles in calcium.  The mean free paths and the stopping powers were calculated in a way 
completely similar to the one described for 2 MeV alpha particles, or for 300 keV protons.  
Figure 54 shows the mean free path of 6 keV to 60 MeV alpha particles in calcium.  Figure 55 
shows the stopping power to alpha particles in calcium.  Figure 55 also shows the stopping 
power to alpha particles in calcium found in the literature. 
Considering figure 55 one may see that the curve, showing calculated stopping power to alpha 
particles in calcium, exhibit the same behavior as the curve and the data points showing the data 
found in the literature.  The calculated stopping powers are, however, much larger then the 
stopping powers found in the literature for 2 MeV or smaller kinetic energy alpha particles.  At 
this moment it is unclear why calculated stopping powers differ from the reported ones.  One of 
the many reasons why calculated stopping powers differ from the reported stopping powers 
could be methodological one. 
The mean free paths and the stopping powers of alpha particles in calcium were calculated using 
the energy loss differential interaction cross sections which, in their turn, were calculated by an 
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integration of the energy loss and recoil energy differential interaction cross sections.  The 
energy loss and recoil energy differential interaction cross sections of alpha particles with 
electrons of calcium were calculated using the equations which were derived for spin ½ charged 
particles.  The net spin of alpha particles, as is commonly known, is zero.  The stopping powers, 
calculated for alpha particles, could deviate from the stopping powers reported in the literature 
due to the fact that the cross sections, used in calculations of the stopping powers, were 
calculated using the equations which might not be suitable for alpha particles. 
Even though it was known from the very beginning that the equations for the energy loss and 
recoil energy differential interaction cross sections, equations (37) and (38), were derived for 
spin ½ charged particles, the equations were used for a calculation of interaction cross sections, 
the mean free paths, and the stopping powers of particles the spin of which differed from ½ in 
order to test a hypothesis about scaling of cross sections.  The hypothesis about scaling of 
interaction cross sections is discussed in the next section of the manuscript. 
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Figure 54.  The mean free path of alpha particles in calcium. 
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Figure 55.  The stopping power to alpha particles in calcium. 
 
 
Charge, speed, and mass scaling of interaction cross sections 
It was hypothesized, private communications with Prof. Dingfelder, Dingfelder et al (2006), that 
the energy loss and recoil energy differential interaction cross sections of one particles with 
electrons of a given target material can be determined from interaction cross sections of other 
particles by scaling.  The idea about scaling of interaction cross sections seemed very attractive.  
In computer programs, used for modeling passage of charged particles through media, the 
possibility for scaling interaction cross sections would eliminate the need for a repetitive 
calculation of the cross sections, would drastically increase the speed of computer calculations, 
would significantly reduce the demands for computer memory, etc.  In the current section of the 
manuscript the hypothesis about scaling of interaction cross sections is presented and examined. 
If one considers the equation for the energy loss and recoil energy differential interaction cross 
sections which arise due to the longitudinal interactions between incident particles and target 
electrons, equation (37), one will see that the cross sections depend only on the charge and the 
speed of incident particles.  A ratio of interaction cross sections, calculated for particles carrying 
different charges and moving at different speeds, reduces to a ratio of charges of the particles 
squared, and a ratio of speeds of the particles squared. 
Let ( )RZ  and  be the charge and the speed of particles for which the energy loss and 
y  cross sections, arising due to the longitudinal interactions 
rget electrons, are known.  Let 
( ) ( )R R cυ β= ⋅
 differential interaction
between incident particles and ta
recoil energ
( )UZ  and cυ β= ⋅  be the 
charge and the speed of particles for which the energy loss and recoil energy differential 
( ) ( )U U
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interaction cross sections are being determined.  A ratio of unknown interaction cross sections 
2
 to known cross sections ,( )L U
d
dWdQ
σ 2
 will be: 
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dWdQ
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2 22 2
( ) ( ),( ) ,( )
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dWdQ dWdQ Z
υσ σ
υ
⎛ ⎞ ⎛= ⋅⎜ ⎟ ⎜⎜ ⎟ ⎜⎝ ⎠ ⎝
⎞⎟⎟⎠
. (49) 
Now if one considers the equations for the energy loss and recoil energy differential interaction 
cross sections which arise due to the transverse interactions between incident particles and target 
electrons, equations (38) and (39), one will see that the cross sections depend on the charge, the 
speed, and, additionally, the mass of incident particles through parameter tβ .  (Parameter tβ  is 
the component of cβ υ=r r  which is perpendicular to qr , the momentum transfer.  For a definition 
of βr , qr , pr , and the other parameters please see the sections of the m nuscript in which an 
introduction to the kinematics of inelastic collisions is provided, and the parameters, used for a 
description of incident particles before and after a collision, are introduced.) 
In the case of interaction cross sections which arise due to the transverse interactions between 
incident particles and target electrons, a ratio of interaction cross sections, calculated for particles 
carrying different charges and moving at different speeds, reduces to a ratio of the charges of the 
particles squared, the speeds of the particles squared, and parameters 
a
tβ  of the particles squared. 
Let ,( )t Rβ  pertain to particles of mass  for which the energy loss and recoil energy 
differential interaction cross sections, arising due to the transverse interactions between incident 
particle d target electrons, are known.  Let 
( )RM
s an ,( )t Uβ  pertain to particles of mass M  for which ( )U
 129
 
the interaction cross sections are being determined.  A ratio of unknown interaction cross 
sections 
2
 to known cross sections ,( )T U
d
dWdQ
σ 2
 will be: 
 
,( )T Rd
dWdQ
σ
2 22 2
( ) ( ) ,( ),( ) ,( )
( ) ( ) ,( )
U R t UT U T R
R U t R
Zd d
dWdQ dWdQ Z
υ βσ σ
υ β
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⋅ ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
2
. (50) 
Equations (49) and (50) clearly show that the energy loss and recoil energy differential 
interaction cross sections of particles having a given mass, carrying a given charge, and traveling 
at a given speed can be determined from interaction cross sections of particles having a 
completely different mass, charge, and speed.  Such flexibility in scaling of interaction cross 
sections is very honorably, but it is also suspicious.  Maybe because of such incredible flexibility 
of the approach it was proposed in the article by Dingfelder et al (2006) to apply scaling of 
interaction cross sections only to particles traveling at the same speed. 
Scaling of energy loss and recoil energy differential interaction cross sections needs to be 
performed with caution.  Particles having different masses and different kinetic energies will 
experience different maximal energy losses, and will have different minimal and maximal recoil 
energies in collisions with electrons of a given target material.  One needs to assure that 
reference cross sections exist at requested energy loss and recoil energy during scaling of 
interaction cross sections of one particles from interaction cross sections of other particles.  
Extrapolation of reference interaction cross sections beyond kinematically allowed energy losses 
and recoil energies may not work in some cases.  For example, considering cuts through the 
graphs showing the energy loss and recoil energy differential interaction cross sections of 100 
keV electrons with electrons of calcium, figure 38, or 300 keV protons with electrons of calcium, 
figure 45, one may already have noticed that the cross sections, arising due to the transverse 
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interactions between incident particles and target electrons, drop to zero at the minimal and the 
maximal recoil energies.  An extrapolation of the transverse differential interaction cross sections 
beyond the kinematically allowed minimal and maximal recoil energies will yield zero. 
The hypothesis about scaling of interaction cross sections was tested by a calculation of 
interaction cross sections of alpha particles and protons with electrons of calcium, and a 
comparison of the cross sections.  It is necessary to point out that calculations of the cross 
sections were performed for alpha particles and protons moving at the same speed.  It is, of 
course, a special case.  According to equations (49) and (50) the speeds of incident particles, for 
which the cross sections are being scaled, need not to be the same.  Also it is necessary to point 
out that the energy loss differential interaction cross sections of alpha particles and protons were 
compared, not the energy loss and recoil energy differential interaction cross sections.  At the 
time when the analysis was performed the interest was to see how kinematically allowed recoil 
energies affect the results of an integration of the double differential interaction cross sections by 
the recoil energy. 
Calculations of interaction cross sections were performed for 2 MeV alpha particles and 503.4 
keV protons.  Please note that 503.4 keV protons travel at the same speed as 2 MeV alpha 
particles.  The energy loss and recoil energy differential interaction cross sections of 2 MeV 
alpha particles with electrons of calcium, arising due to the longitudinal and the transverse 
interactions between incident particles and target electrons, were shown in figures 50 and 51.  
The energy loss differential interaction cross sections of 2 MeV alpha particles with electrons of 
calcium were shown in figure 53.  The energy loss differential interaction cross sections of 503.4 
keV protons with electrons of calcium are shown in figure 56.  The figure shows the cross 
sections which arise due to the longitudinal and the transverse interactions between 503.4 keV 
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protons and electrons from each electron group of calcium.  The figure also shows the total 
longitudinal and the total transverse energy loss differential interaction cross sections of protons 
obtained by a summation of corresponding energy loss differential interaction cross sections 
calculated for each electron group of calcium.  The energy loss differential interaction cross 
sections of 2 MeV alpha particles and 503.4 keV protons were compared. 
Figure 57 shows the total longitudinal and the total transverse energy loss differential interaction 
cross sections of 2 MeV alpha particles and of 503.4 keV protons.  The figure also shows the 
proton cross sections multiplied by four.  Four here comes from the charge of alpha particles 
squared.  In figure 57 the graphs for the energy loss differential interaction cross sections of 
503.4 keV protons multiplied by four clearly overlap with the graphs for the energy loss 
differential interaction cross sections of 2 MeV alpha particles.  The fact that the graphs for the 
cross sections of protons multiplied by four overlap with the graphs for the cross sections of 
alpha particles confirms the hypothesis about scaling of interaction cross sections.   
A comprehensive analysis of the hypothesis about scaling of interaction cross sections should 
consider particles traveling at different speeds, and should focus on a comparison of the energy 
loss and recoil energy differential interaction cross sections. 
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Figure 56.  The energy loss differential interaction cross sections of 
503.4 keV protons with electrons of calcium. 
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Figure 57.  A comparison of the energy loss differential interaction cross 
sections of 503.4 keV protons and 2 MeV alpha particles. 
 
 
 
Conclusions 
The optical, the dielectric, and the energy loss functions of metallic calcium were derived from 
zero to infinite energy losses.  The functions were based on the published material, derived using 
the Drude theory for small energy losses, and calculated using the photoelectric cross sections of 
calcium for large energy losses.  The functions were used for a calculation of the oscillator 
strengths and the mean excitation energies of electrons from the bands of metallic calcium and 
the shells of atoms of calcium.  The oscillator strengths and the mean excitation energies were 
used for modeling of the generalized oscillator strength (GOS) function of calcium.  The GOS 
function of calcium was modeled with Gaussian functions extrapolated at small and at large 
energy losses with known slopes in order to accurately repeat the functions adopted for calcium. 
A computer program was written which tabulated the generalized oscillator strength function of 
calcium, and which calculated interaction cross sections, mean free paths and stopping powers of 
electrons, protons and alpha particles in calcium.  Stopping powers calculated for protons in 
calcium were in a very good agreement with the published results.  Stopping powers calculated 
for alpha particles in calcium matched stopping powers published in the literature in the case of 
high kinetic energy alpha particles, but deviated from the published stopping powers in the case 
of small kinetic energy alpha particles.  At this moment it is unknown which data, published in 
the literature or recently calculated, on the stopping power of alpha particles in calcium are more 
accurate.  Unfortunately no data on interaction cross sections, mean free paths, or stopping 
powers of electrons in calcium were found in the literature.  At this moment the results obtained 
for electrons in calcium have to be taken as granted.  The computer program, which tabulated the 
GOS function of calcium, and which calculated interaction cross sections, mean free paths and 
stopping powers, was also used for testing the hypothesis about scaling of interaction cross 
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sections of one particles from interaction cross sections of other particles.  Calculations of 
interaction cross sections of alpha particles and protons moving at the same speed confirmed the 
hypothesis about scaling of cross sections. 
The computer program, written for modeling of the generalized oscillator strength function of 
calcium and for a calculation of interaction cross sections, mean free paths and stopping powers 
of charged particles in calcium, is organized in form of subroutines.  The source code of the 
program is written in FORTRAN 77 computer language.  Because the program is written in form 
of subroutines, the program can easily be integrated into any other computer program written in 
FORTRAN 77 language. 
Accurate data on the optical and the dielectric properties of metallic calcium are highly desirable.  
The data would permit a creation of a more accurate model of the generalized oscillator strength 
function of metallic calcium.  Measurements of interaction cross sections of charged particles 
with electrons of calcium and also measurements of mean free paths and stopping powers of 
charged particles in calcium are also highly desirable.  Results of measurements of interaction 
cross sections, mean free paths and stopping powers would permit to test and improve the 
approach used for a calculation of interaction cross sections of charged particles not only with 
metallic calcium but with any metallic material. 
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